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WAVELET ANALYSIS ON ADELES AND PSEUDO-DIFFERENTIAL 

OPERATORS 

A. YU. KHRENNIKOV, A. V. KOSYAK, AND V. M. SHELKOVICH 

Abstract. This paper is devoted to wavelet analysis on adele ring A and the theory of 

pseudo-differential operators. We develop the technique which gives the possibility to 

^o ' generalize finite-dimensional results of wavelet analysis to the case of adeles A by using 

infinite tensor products of Hilbert spaces. The adele ring is roughly speaking a subring 
^ ' of the direct product of all possible (p-adic and Archimedean) completions Qp of the 

field of rational numbers Q with some conditions at infinity. Using our technique, we 
OO ' prove that L^(A) = '^e,p£{oo,2,3.5,...}L'^{Qp) is the infinite tensor product of the spaces 

L^(Qp) with a stabilization e = (ep)p, where ep{x) = fl{\x\p) € L'^{Qp), and 51 is a 
.^^ ' characteristic function of the unit interval [0, 1], Qp is the field of p-adic numbers, p = 

Ft , . 2, 3, 5, ... ; Qoo — K- This description allows us to construct an infinite family of Haar 

wavelet bases on L'^{A) which can be obtained by shifts and multi-delations. The adelic 

multiresolution analysis (MRA) in L^ (A) is also constructed. In the framework of this 

2 ' MRA another infinite family of Haar wavelet bases is constructed. We introduce the 

adelic Lizorkin spaces of test functions and distributions and give the characterization 
of these spaces in terms of wavelet functions. One class of pseudo-differential operators 
(including the fractional operator) is studied on the Lizorkin spaces. A criterion for 
^ ' an adelic wavelet function to be an eigenfunction for a pseudo-differential operator 

^^ I is derived. We prove that any wavelet function is an eigenfunction of the fractional 

^^ ' operator. These results allow one to create the necessary prerequisites for intensive 

using of adelic wavelet bases and pseudo-differential operators in applications. 
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1. Introduction 



1.1. p-Adic and adelic analysis. During a few hundred years theoretical physics has 
/\ I been developed on the basis of real and, later, complex numbers. The p-adic numbers 

c^ ■ were described by K. Hensel in 1897 to transfer the ideas and techniques of power 

series methods to number theory. According to the well-known Ostrovsky theorem, any 
nontrivial valuation on the field Q of rational numbers is equivalent either to the real 
valuation \ ■ \ or to one of the p-adic valuations \ ■ \p. The corresponding completions 
of Q give the fields M or Qp. The theory of p-adic numbers has already penetrated 
intensively into several areas of mathematics and its applications. In the last 20 years 
the field of |}-adic numbers Qp (as well as its algebraic extensions, including the field of 
complex p-adic numbers Cp) has been intensively used in theoretical and mathematical 
physics, p-adic string theory, gravity and cosmology, the theory of stochastic differential 
equations over the field of p-adic numbers, Feynman path integration over p-adics, the 
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theory of p-adic valued probabilities and dynamical systems, in theory of disordered 
systems (spin glasses) (see [S], [2B], [2Z], [SD], [SB], [ID], [M] and the references therein). 
Applications were, however, not only restricted to physics. p-Adic models were also 
proposed in psychology, cognitive and social sciences, and, e.g., in biology, image analysis 
(see [27], [28]). 

These applications induced and stimulated a development of new branches of p-adic 
analysis, in particular, the theory of p-adic wavelets. Recall that nowadays wavelets are 
applied in a lot of branches of modern mathematics and engineering area. The first real 
wavelet basis (13.51) . (13. 6 p was introduced by Haar in 1910. However, for almost a century 
nobody could find another wavelet function (a function whose shifts and delations form 
an orthogonal basis). Only in the early nineties a method for a more general construc- 
tion of the wavelet functions appeared [IB], [Hj, [5U], [SI]- This method is based on 
the notion of multiresolution analysis (MRA in the sequel). In the p-adic setting the 
situation was the following. In 2002 S. V. Kozyrev [39] constructed a compactly sup- 
ported p-adic wavelet basis (I3.2ip in L^(Qp), which is an analog of the real Haar basis 
(13. 5p . (13.61) . J. J. Benedetto and R. L. Benedetto [10], R. L. Benedetto [TT] suggested a 
method for constructing wavelet bases on locally compact abelian groups with compact 
open subgroups. This method is applicable for the p-adic setting. It is based on a theory 
of wavelet sets and only allows the construction of wavelet functions whose Fourier trans- 
forms are the characteristic functions of some sets (see [TUl Proposition 5.1.]). Moreover, 
these authors doubted that the development of the MRA approach is possible. In spite 
of the above opinions and arguments [10], [11], in [57], the p-adic MRA theory in L^(Qp) 
was developed and new p-adic wavelet bases were constructed. Some important results 
in p-adic wavelet theory were obtained in [1], [2], [31], [35]. It turned out that the the- 
ory of p-adic wavelets plays an important role in the study of p-adic pseudo-differential 
operators and equations [3], [3], [5], [33], [39], [30], [57]. This theory gives a powerful 
technique to deal with p-adic pseudo-differential equations. Recall that on complex- 
valued functions defined on Qp, the operation of differentiation is not defined. As a 
result, a large number of p-adic models use pseudo-differential equations instead of dif- 
ferential equations. The p-adic multidimensional fractional operator Z)" was introduced 
by M. Taibleson |58] (see also [59]) in the space of distributions ©'(Q^). The spectral 
theory of this fractional operator was developed by V.S. Vladimirov in [52], in particular, 
explicit formulas for the eigenfunctions of this operator were constructed (see also [63] )■ 
In [63] (see also [M]) V.S. Vladimirov constructed the spectral theory of the Schrodinger- 
type operator D^ + V{x)^ which was further developed by A.N. Kochubei ^36j, ^37j (see 
also [3E]). 

The adele ring A is some subring of the direct product of all possible (p-adic and 
Archimedean) completions Qp of the field of rational numbers Q. The group of ideles 
was introduced by Chevalley in 1936 [T6] as a part of his program to formulate class 
field theory so that it worked for infinite-degree extensions. The adeles were introduced 
by Weil in the late 1930s as an additive analogue of ideles. The ring A is often used 
in advanced parts of number theory (for example, see [13], [15], [T7], [31], [39], [65]). 
For example, Tate's proof (see in [151 J- T. Tate, pp. 305-347]) of the functional equa- 
tion Z{s) = Z{1 — s), where Z(s) = 7i~'^^'^T{s/2)((s) for the Riemann zeta func- 
tion ({s) = J2nm ^' ^{s) > 1, is based on the Fourier analysis on adeles A and 
ideles (see also [13 4.7]). Recently the theory of adeles has been successfully ap- 
plied in various parts of contemporary mathematical and theoretical physics. Namely, 
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there are adelic constructions, e.g., in statistical mechanics, stochastics, string the- 
ory, quantum cosmology, and quantum mechanics (see [H], [Sj, ^S\ [21], [2S], [SSI 
5.8] p6], [27], [60], [61], [M], [66], and the references therein). 

However it should be noted that in contrast to the real and p-adic analysis, the 
adelic analysis practically (in particular, the adelic wavelet theory and the theory of 
adelic pseudo-differential operators and equations) has not been developed so far. In 
particular, the necessity of the development the wavelet theory on adeles was mentioned 
in m. 



1.2. Contents of the paper. In this paper some problems of the adelic harmonic 
analysis are studied. The points to be considered are, first, the theory of adelic Haar 
wavelets; and second, the theory of simplest adelic pseudo-differential operators in con- 
nection with wavelets. 

In Sec. [2], some facts from the p-adic and adelic analysis are given. In Sec. |31 we recall 
definitions of the real MRA and present some results on p-adic MRA and wavelet bases 
from the papers [35], [57] . 

In Sec. m the theory of infinite tensor products of Hilbert spaces [52], [12] is used to 
generalize finite-dimensional results to the case of adeles. We recall the constructions 
of infinite tensor product of Hilbert spaces Tie = ®e,ngN-ffn, the complete von Neumann 
product of infinitely many Hilbert spaces. The space "He can be obtained as the closure 
of the union of some subspaces. We observe certain stability of the space "Hg with respect 
to the variation of the corresponding subspaces (see Lemma [4. 2p . In Subsec. 14.41 using 
Lemma W72\ for the special stabilizing sequence e = {ep)p, ep{xp) = 4>p{xp) = Q{\xp\p) 
(here Q{t) is the characteristic function of the segment [0, 1] C M) we show that L^(A) 
coincides with the infinite tensor product of the Hilbert spaces L^(Qp) over all possible 
completions of the field Q: L^(A) = ®e,pL'^{Qp) (see Lemma IT3l) . 

In Sec. O we apply the above scheme to construct adelic wavelet bases (15.51) on 
L^(A, dx) generated by the tensor product of one- dimensional Haar wavelet bases (13.51) . 
(13.221) . (I3.25p . We would like to stress that to construct adelic wavelet bases, we need 
the p-adic wavelet bases that contain functions 4>p{xp) = Q{\xp\p). Thus, instead of 
the Haar wavelet basis (13.201) we will use modified Haar basis (I3.22p . According to [T] , 
there are no orthogonal p-adis MRA based wavelet bases except for those described in 
Theorem 13.11 and Corollary 13.11 Thus, formula (15.50 gives all adelic Haar wavelet bases 
generated by the tensor product of one-dimensional Haar wavelet bases. Here infinite 
tensor product depends on the special stabilization e = (ep)p, where ep{xp) = fl{\xp\p). 
Recall that in [201 Sec. 4, formula (4.1)], a basis in the space L^(A) associated with 
eigenfunctions of harmonic oscillators was constructed (see Remark 15. ID . To construct 
adelic wavelet bases, we use the standard Haar measures on Qp and on the adele ring A. 
For measures on Qp different from Haar measure, see [B", Appendix D], based on ^2\ . 

In Sec. El using the idea of constructing separable multidimensional MRA by means 
of the tensor product of one- dimensional MRAs suggested by Y. Meyer [SU] and S. Mal- 
lat [l6] , [ITj , we construct adelic wavelet bases in L^ (A) . In a general situation we show 

(k) 

how using some system of closed subspaces Vj , j G Z, in a Hilbert spaces Hn, n G N, 
with properties (a)-(c) of the MRA (see Definitions 13.11 13.20 one can construct various 
systems of subspaces with the same properties in the infinite tensor product of the spaces 
Hn. In Theorem 16.21 adelic separable MRA is constructed. The refinable function of this 
MRA given by (16.140 is an infinite product refinable functions of all one-dimensional 
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MRAs. In the framework of this MRA an infinite family of adehc Haar wavelet bases 
fl6.25p are constructed. 

In Sec. [71 we introduce the adelic Lizorkin spaces of test functions $(A) and distri- 
butions <I>'(A). These spaces are constructed by using the original real Lizorkin spaces 
introduced in [l3]- [15] and the p-adic Lizorkin spaces introduced in [1] (see also [3l 
Ch. 7]). A basic motivation for using Lizorkin spaces rather than the Schwartz and 
Bruhat-Schwartz spaces of distributions iS'(M) and V^Qp) is due to the fact that the 
latter spaces are not invariant under the fractional operators. Next, in Sec. [H the char- 
acterization of the adelic Lizorkin spaces in terms of wavelets is given. Namely, it is 
proved that any test function from $(A) can be represented in the form of a finite 
combination of adelic wavelet functions fl5.6p . and any distribution from $'(A) can be 
represented as an infinite linear combination of adelic wavelet functions fl5.6p (in [7], 
assertions of these types were stated for ultrametric Lizorkin spaces). 

In the framework of our constructions the following three facts seem to have the 
same deep reason: (1) functions (j)'^^\xp) = ri{\xp\p) are stabilization functions in the 
adelic Bruhat-Schwartz space (see Definition 12.30 . (2) we use the stabilization sequence 
e = (ep)p where ep{xp) = Q{\xp\p) in proving the fact that L^(A) = ^e,pL'^ (Qp) , (3) under 
the projection of the space L^(Qp) onto L'^{1<p) some elements of wavelet basis (I3.20p and 
Kozjnrev's wavelet basis 03.2ip are transformed into functions which are proportional to 
the same function n(|a;p|p) (see Propositions 13 . lf [ 3. 3p . 

In Sec. [HI by Definition (19.170 . (I9.18P a class of pseudo-differential operators on the 
adelic Lizorkin spaces is introduced. The fractional operators D^ , 7 G C°° (see Def- 
inition dH]), ( TO]) . (iniSD), and L>T, 7 G C (see Definition (I^THp . <^JEj) belong to 
this class. We prove that the Lizorkin spaces of test functions $(A) and distributions 
$'(A) are invariant under the above-mentioned pseudo-differential operators. More- 
over, a family of fractional operators on the space of distributions $'(A) forms an abelian 
group. Thus the Lizorkin spaces constitute "natural" domains of definition for this class 
of pseudo-differential operators. Note, that in [31] the fractional operator was considered 



in L (A). In Subsec. 19. 4[ the spectral theory of adelic pseudo-differential operators is 
developed. By Theorem 19.1] we derive a criterion for an adelic wavelet function to be an 
eigenfunction for a pseudo-differential operator. It is proved that any wavelet function 
is an eigenfunction of a fractional operator. Thus the adelic wavelet analysis is closely 
connected with the spectral analysis of pseudo- differential operators. Using results of 
Sec. [HI similarly to the p-adic case, one can develop the "variable separation method" 
(an analog of the classical Fourier method) to reduce solving adelic pseudo-differential 
equations to solving ordinary differential equations with respect to the real variable t 
(for details, see [3l Ch. 10], [§]). 

2. Preliminary results 

2.1. p-Adic numbers. We shall systematically use the notation and results from the 
book |£4J- Let N, Z, Q, M, C be the sets of positive integers, integers, rational, real, and 
complex numbers, respectively. 

According to the well-known Ostrovsky theorem, any nontrivial valuation on the field 
of rational numbers Q is equivalent either to the real valuation \ ■ \ or to one of the p- 
adic valuations \ ■ \p. This p-adic norm | ■ |p is defined as follows: if an arbitrary rational 
number x 7^ is represented as a; = p"^ — , where 7 = 7(0:) G Z and the integers m, n are 
not divisible by p, then 

(2.1) \x\p=p-^^ Xt^O, |0|p = 0. 
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The norm | ■ |p is non- Archimedean and satisfies the strong triangle inequality \x + y\p < 
max(|a;|p, \y\p)- The completion of Q with respect to the usual absolute value | ■ | gives 
the field of real numbers M. The field Qp of p-adic numbers is defined as the completion 
of the field of rational numbers Q with respect to the norm | • \p. Next we will denote 

|a^|oo = \x\, Qoo = K and Zoo = Z. By 

(2.2) yQ = {00,2,3,5,...} 

we denote the set of indices for all valuations on the field Q. 

Any p-adic number x e Qp, a; 7^ 0, is represented in the canonical form 

00 
(2.3) x = J2^kp\ 

fc=7 

where 7 = 7(x) G Z, x^ G Fp = {0, 1, . . . ,p — 1}, x^ 7^ 0, 7 < fc < 00. The series is 
convergent in the p-adic norm | ■ |p, and one has \x\p = p~"' . The fractional part of the 
number x G Qp (given by (12. 3p ) is defined as follows 



fo A\ r^i _ / 0' if 7(3;) > or x = 0, 

^ ' ^^P \ x^p^ + ■ ■ ■ + x_ip-\ if 7(x)<0. 



The set Q^ = Qp \ {0} is the multiplicative group of the field Qp. p-Adic numbers 
Zp = {x G Qp : |x|p < 1} are called integer p-adic numbers. In view of (12. 3p . Zp consists 
of p-adic numbers 

00 
(2.5) x = ^Xfcp^ 

fc=0 

Zp is a subring of the ring Qp. The multiplicative group of the ring Zp is the set 



^; 



00 
{x G Zp : |x|p = l} = <xGZp:x = 2_.^kP^i ^0 7^ [. 



fc=0 



Denote by B^{a) = {x G Qp : |x — a\p < p"'} the ball of radius p"^ with the center 
at the point a G Qp and by S.y{a) = {x G Qp : |x — a\p = p^} = B^{a) \ B^_i{a) the 
corresponding sphere, 7 G Z. For a = we set B^ = B^{0) and S^ = 5*^(0). 

2.2. p-Adic distributions. A complex-valued function / defined on Qp is called locally- 
constant if for any x G Qp there exists an integer /(x) G Z such that 

f{x + y) = f{x), y e Bi(^). 

Let £{Qp) and I^(Qp) be the linear spaces of locally-constant C- valued functions 
on Qp and locally- const ant C-valued compactly supported functions (so-called Bruhat- 
Schwartz test functions), respectively ^Ml VI.1.,2.]. If y? G T'(Qp), then according to 
Lemma 1 from [6ll VI. 1.], there exists / G Z, such that 

ip{x + y) =ip{x), y e Bi, X G Qp. 

The largest of such numbers / = l{ip) is called the parameter of constancy of the function 
ip. Let us denote by T'^(Qp) the finite-dimensional space of test functions P^(Qp) from 
©(Qp) having supports in the ball Bn and with parameters of constancy > I. The 
following embedding holds: 

^^(Qp) Cl?^,(Qp), N<N', l>l'. 



tpj 
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We have V{Qp) = lim indI>iv(Qp), where P^vlQp) = hm indV^j^iQp) (see |6l VI.2]). 

These representations give us the inductive limit topology on the corresponding spaces. 

Denote by T>'{Qp) the set of all linear functionals (Bruhat-Schwartz distributions) on 
V{Qp) m VI.3.]. 

The Fourier transform oi (f E V{Qp) is defined by the formula 

^(0 = F[if]iO = [ Xpi^xMx) dx, e e 

JQp 
where dx is the Haar measure on Qi, such that (\ , ^, dx = 1, and 

(2.6) Xp{x) = e'-'^^^- 

is the additive character on Qp (see [OH III.l.]), {x}p is the fractional part (12.41) of the 
number x G Qp. The Fourier transform is a linear isomorphism I^(Qp) onto P(Qp) [59l 
111,(3.2)], P, VII.2.]. Moreover, 

(2.7) ^eV'Mp) iff F[ip\eVZ^{%). 

The Fourier transform of a distribution / G '^''(Qp) is the distribution / = F[f] defined 
by the relation 

(F[/],^) = (/,F[^]), V^GP(Qp). 

Here and in the sequel (/, if) denotes the action of a distribution / on a test function ip. 
If / G P'(Qp), a G Qp^ 6 G Qp, then [63 VII, (3.3)]: 

(2.8) F[/(ax + 6)](0 = lal^^Xpf - -e)F[/(x)] (^), x,^ G Qp. 

According to [Ml IV,(3.1)], 

(2.9) F[fi(p-'=|-|p)](x)=/fi(/|x|p), A;gZ, a; G Qp, 

where Q{t) is the characteristic function of the segment [0, 1] C M. In particular, 

(2.10) F[n{\c\p)]{x) = n{\x\p). 

2.3. Adeles. We use the notation and results from [211 Ch. Ill, §1,2] and [T7] . 
Definition 2.1. The adeles of Q are 

A = Aq = {(xp)pgv'Q £ TT Qp : a^p £ Zp for almost all p 7^ oo}, 

P&Vq 

and the ideles of Q are 

J = Jq = {{xp)p^vQ e J]^ Qp : a;p G Zp for almost all p 7^ 00}, 

P&Vq 

where Vq = {00, 2, 3, 5, ... } is the set of indices. 

The adele ring A is the restricted direct product of R and Qp for all p = 2, 3, . . . with 
respect to the integer rings Zp (see [T7]). If componentwise operations of addition and 
multiplication are introduced, A is a ring of adeles and J is a multiplicative group. The 
additive group of the ring A is called the adelic group. 

There is a natural imbedding Q 1— ;■ A given by 

Q 9 r !-)■ (r, r, . . . , r, . . . ) G A. 
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Indeed, any constant sequence (r, r, . . . , r, . . . ) is an adele since r E Ijp for any p not 
dividing the denominator of r. The adeles (ideles) of the form (r, r, . . . , r, . . . ), where 
r G Q, are called principal adeles (respectively, ideles). 

To define a topology on A, we show that A is a union of locally compact groups. Note 
that the direct product Ylp^v Qp ^^ ^'^^ ^ locally compact group. 



Definition 2.2. Let 5* be a finite subset of Vq such that oo G 5 C Vq. 


Define the 


S-adeles of Q as 




As=AQ,5=n^p^n^p- 




pes p^s 





For an arbitrary 5*, the space As of S-adeles is locally compact (in the Tikhonov 
product topology) as the product of a finite product of locally compact spaces Qp, 
p G 5" by an infinite product of compact spaces Zp, p ^ S. Since we have A = IJ^. As 
|17[ Theorem 2.15], the adele group A is locally compact (i.e. any neighborhood of a 
point contains a compact neighborhood of this point). A fundamental system of open 
neighborhoods of zero in A is the following set (see [171 Theorem 2.17]) 

(2.11) n^p^n^p' 

p€S p<^S 

where S* is a finite subset of Vq that contains oo and Up is an open set in Qp containing 
G Qp for p G S. 

The non- Archimedean part A of the adele ring A is defined (see [21]) as the set of 
infinite sequences 

x' = (x2, . . .Xp, . . .), where Xp G Qp, p = 2,3,..., 

and there exists a prime number P = P{x') such that Xp G Zp for p > P. 

The sequence of adeles {x^"'\n G N} converges to the adele x (x*^"^ — ;■ x, n — )■ oo) if 

(1) Xp —^Xp,n^ oo, for any p G Vq, where Vq is defined by (12. 2p : 

(2) there exists N such that Xp — Xp G Zp for all n > N. 

Since the adele group A is a locally compact commutative group, it possesses the 
Haar measure which will be denoted by dx, where x = (xoo, X2, . . . ,Xp, . . .). The Haar 
measure dx can be expressed in terms of the measures dxp on the groups Qp as follows: 

(2.12) dx = dxoo dx2 ■ ■ ■ dXp ■ ■ ■ , 

where 

/ dXoo = 1, / dXp = 1, p E Vq. 

Jo Jzp 

Here formula (I2.12p is understood in the following sense: if 

fix) = /oo(Xoo)/2(a;2) ■ ■ ■ fpiXp) 

is a cylindrical function, then 



f{x)dx= / /oo(a;oo) <ia;oo / f2{x2)dx2--- I fp{xp)dx 

JM. Jq2 JQp 

Any additive character x{x) on the adelic ring has the form 

Xix) = Xo(aa;), x = {x^, X2, . . .Xp, . . .) G A, 



up. 
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for some a = (ooo, a2, . . . Op, . . . ) G A (see |2H Ch. Ill, §1.5, (3)]). Here 
(2.13) xoia) = Yl Xpi^p), a G A, 

where Xooio-oo) = e^'^*""", and Xpi'^p) is defined by (12.61) . p = 2,3, . . . . It is clear that 
for any a G A there exists a prime number P = P{a) such that Xp(o-p) = 1 for P ^ P, 
i.e., in fact, the product (I2.13P is finite. In other words, Xo(a') = exp (27ricr(a)), where 
o^(a) = EpGi/oS (modi). 

Definition 2.3. (see [241 Ch. Ill, §2.1]) Let S{M.) be the real Schwartz space of tempered 
test functions. The space of Bruhat-Schwartz adelic test functions S (A) consists of finite 
linear combinations of elementary functions of the form 



(2.14) ifix) = H M 



Xpj, X G 



PGVq 



where the factors (Pp{xp) are such that: 

(i) (^oo(a:oo) e 5(M); 

{n)iPp{xp)eV{Qp),p = 2,3,...; 

(iii) there exists P = P{f) such that fp{xp) = Q{\xp\p) for all p > P (the number 
P{if) is called the parameter of finiteness of an elementary function (p). 

In view of condition {iii) the space of test functions S{A) admits a natural represen- 
tation 

(2.15) 5(A) = lim ind5['"l(A), 

niGVQ\oo 

where iS[™](A) is the subspace of all test functions with the parameter of finiteness m, 
m & Vq\ oo. The representation (I2.15P equips the space iS(A) with the inductive limit 
topology. 

The Bruhat-Schwartz adelic test functions are continuous on A. The Bruhat-Schwartz 
space of adelic distributions S'{A) was studied in [31], [22] . 

The spaces of test functions and distributions connected with the non- Archimedean 
part of adeles A we denote by 5(A) and S'{A), correspondingly (see [3T]). 

The Fourier transform of (y9 G S{A) is defined by the formula 

^(0 = F[^m = [ xo(ea;)^(x) dx, e e A, 

J A 

where Xo is defined by (127[^ . It is clear that F[>S(A)] = 5(A). If / G 5'(A), then 

(F[/],^)t/(/,F[^]), V^g5(A), 

and F[f] G 5' (A). 

For f,gE L^(A) we have 

(2.16) {f,g) = {F[f],F[g]), 
where 



{f,9) = / f{x)g{x)dx 

Ja 

is the scalar product of the functions / and g in L^(A). 
It is clear that the space 5(A) is dense in L^(A). 
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3. Real and p-ADic MRAs and wavelet bases 

3.1. Real MRA.. Now we recall the definitions of the real and p-adic multiresolution 
analysis. 

Definition 3.1. (for example, see [551 1.2]) A collection of closed spaces Vj C L^(]R), 
j G Z, is called a multiresolution analysis (MRA) in L^(R) if the following axioms hold 

(a) Vj C Vj+i for all j G Z; 

(b) U Vj is dense in L'^{R); 

(c) .f1^. = {0}; 

(d) /(■) G V, ^^ /(2-) G V,+i for all j G Z; 

(e) there exists a function G Vq such that the system {0(- — n),n G Z} is an 
orthonormal basis for Vq. 

The function from axiom (e) is called refinable or scaling. One also says that a 
MRA is generated by its scaling function. The function is a solution of a special kind 
of functional equations which are called refinement equations. Their solutions are called 
refinable functions. 

According to the standard MRA-scheme (see, e.g., [53l §1.3]) for each j, we define 
{wavelet spaces) 

(3.1) Wj = Vj+ieVj, jEZ. 

It is easy to see that 

feW,^^f{2-)eW,+i, for all jgZ 
and Wj -L Wk, j 7^ k. Taking into account axioms (b) and (c), we obtain 

(3.2) L'iR) = ^W, = Vo® (0 W,), 

j& j€Z+ 

where Z+ = {0} U N. 

It is well known that the Haar refinement equation has the following form 

(3.3) 0^(t) = 0-^(2t) + 0^(2t - 1), tGM. 

Its solution (the characteristic function X[o,i](i) of the unit interval [0, 1]) 

(3.4) 0''(t) = XM(t) = { J; J^[o;|}; , ^gr, 

generates the Haar MRA. In the framework of the Haar MRA one can construct the 
well-known Haar wavelet basis in L^( 



(3.5) ^j^(t) = 2^'/2^^ {2H -n), teR, j G Z, n G Z, 

where 



1, 


0<t<i, 


1, 


i<t<l. 


0, 


t^[o,i), 



(3.6) ^^(t) = <^ -1, |<t<l, =X[oi)(i)-X[ii)(i), teR, 

( 0, t^[0,l), 

is called the Haar wavelet function (whose dyadic shifts and delations form the Haar 
basis (13.51)'). 
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Using the second decomposition (13.21) . instead of the Haar wavelet basis ( 13. 5p in L^(M), 
one can consider the following wavelet basis 

0^(t -n)eV^, ne Z, 
^ ' Vi^(t) = 2^'/2^^ {2H -n) eWj, J eZ+,neZ, teR, 

where the wavelet function ip^ is given by (13. 6p . Basis (13.71) will be called modified Haar 
basis. 

3.2. p-adic MRA.. In the p-adic case a "natural" set of shifts for Qp is the following 
(see [39] and [57]): 

(3.8) Ip = {aeQp: {a}p = a} = {a = ^ + ■ ■ ■ + ^ : aj e¥p, --f < j < -1}. 

In [SZ] , similarly to Definition 13. Ij the following definition was introduced. 

Definition 3.2. ([57J) A collection of closed spaces Vj C L^(Qp), j G Z, is called a 
multiresolution analysis {MRA) in L^(Qp) if the following axioms hold 

(a) Vj C Vj+i for all j e Z; 

(b) U Vj is dense in L'^{Qp); 

(c) Q/j = m 

(d) /(■) G V, ^^ f{p-'-) e K,+i for all J e Z; 

(e) there exists a function G Vq such that the system {0(- — a),a G Ip} is an 
orthonormal basis for Vq. 

It follows immediately from axioms (d) and (e) that the functions p^^'^(f)(p~^ ■ —a), 
a & Ip, form an orthonormal basis for Vj, j G Z. 

According to the standard scheme (see, e.g., [53l §1.3]) for the construction of MRA- 
based wavelets, for each j, we define a space Wj {wavelet space) as the orthogonal 
complement of Vj in V^+i, i.e., 

(3.9) Vj+i = Vj®Wj, jeZ. 
It is not difficult to see that 

(3.10) feW,^^f{p-'■)eW,+^, for all jgZ 

and Wj _L Wk, j 7^ k. Taking into account axioms (b) and (c), we obtain 

(3.11) L'iQ,) = ^W,=Vo(B (0 W,). 
In view of (13. 9p and axiom (a), we have 

(3.12) v, = v,®[ w^fc) J en. 

0<k<j-l 

If we now find a finite number of functions ip,^ G Wo, v & A, such that the system 
{'ipu{x — a) : a e Ip,^ e A} forms an orthonormal basis for Wq, then, due to (I3.10p . 
(13. lip , the system 

{p'/2^^(p-i . _a) . a G Ip, J G Z, z/ G A], 

is an orthonormal basis for L^(Qp). Such functions ip^, u G A, are called wavelet 
functions and the corresponding basis is called a wavelet basis. 
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In [32], the following conjecture was proposed: to construct a p-adic analog of the 
real Haar MRA, we can use the following refinement equation 



(3.13) 0(a;) = ^0( x-^), xe 



r=0 ^ ^ 

whose solution (a refinahle function) (p is the characteristic function r2(|a;|p) of the unit 
disc. The above refinement equation is natural and reflects the fact that the unit disc 
Bq = {x : \x\p < 1} is the union of p mutually disjoint discs of radius p~^: 

P-i . 

i?o = M -B_i(r), where B^i{r) = <a;:|a; — r| <-[, r E ¥p. 

r=0 ^ 

This geometric fact is the result of the ultrametric structure of the p-adic field Qp. 

The term p-adic Haar MRA is connected with the fact that for p = 2 the equation 
f l3.13p is a 2-adic refinement equation 

which is a direct analog of the refinement equation (13.31) generating the Haar MRA and 
the Haar wavelet basis (13.51) . (13.61) in the real case. 

In [57], using the above relation (I3.13P as a refinement equation, the Haar MRA was 
constructed for p = 2 (for the case p ^ 2, see [H 8.4]). Here 



4>{x) = (j)(-x] + (f){^x - ^], xe 



(3.14) Vj = span {p?/20 (p-i .-a):aelp}, j G Z, 

where 0(x) = f2(|x|p). In contrast to the Haar MRA in //^(IR) (which generates only 
one wavelet basis (13. 5p . (13. 6p ). in the p-adic setting there exist infinity many different 
Haar orthogonal bases for L^{Qp) generated by the same MRA. Explicit formulas for 
generating p-adic wavelet functions were obtained in [57] for p = 2 and later in [35] for 
p 7^ 2. Let us recall these results. 



Theorem 3.1. ( [35j) The set of all compactly supported wavelet functions is given by 

p-lp"-! , 

(3.15) M^) = E E </^^^°^ r ~ ^) ' /^ e F; = {1, 2, . . . ,p - 1}, 

u=l k=0 ^ 

[here supp ip^ C Bs{0), s >0), where 

(3.16) 7/>(o)(x) = xp{-x)n{\x\p), uew;, xe" 

are Kozyrev's wavelet functions, s = 0, 1, 2, . . . , and 



tp^ 



»u;k 



(3.17) 



-s V^P*-1 -27ri— 2.^ — k 
-P 2^m=0 e " (^MmM/./., /^ = Z^: 

-2s Y^P°-1 Y^P^-1 -2-Ki—^s — k i-e^'''—p- I 



2ni- 

1— e 



Wij.m\ = 1; Upi, are entries of an arbitrary unitary (p — 1) x (p — 1) matrix U; /x, z/ G F^ 
fc = 0, l,...,p"-l. 
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Corollary 3.1. ( [57j) Let p = 2. For every s = 0, 1, 2, . . . the function 

(3.18) ^(x) = X;«fc^^°^(^-^), 

is a compactly supported wavelet function (supp tp C -Bs(O)) for the Haar MR A if and 
only if 

2"-! 

(3.19) afc = 2-^ J] 7,e-^-^^ 

r=0 

where the wavelet function ip^'^'^ := ip[ is given by (13.161) . 7.,. G C is an arbitrary constant 
such that |7r| = 1; fc, r = 0, 1, . . . , 2^* — 1. 

According to the general wavelet theory, all dilations and shifts of wavelet functions 
(13.181) . fl3.19p or (13.151) . (13.171) form a p-adic orthonormal Haar wavelet basis in L^(Qp): 

(3.20) 4^k-A^) = p^'\k{p~'x - a), ke Fp^ jeZ.ae Ip. 

In particular, Kozyrev's wavelet basis in L^(Qp) generated by wavelet functions (I3.16P 
is the following 

'^k'Li^) = p'''^'ipf\p~^x - a) 



■k 
-( 
.p 

The wavelet functions (I3.16P can be expressed in terms of the refinable function 0(x) 



(3.21) =p>/\pf-{p-^x-a))n{\p-^x-a\p), k e¥^ , j e Z, a e Ip. 

The wav 

n{\x\p): 



It was proved in [IJ that there are no orthogonal MRA based wavelet bases except for 
those described in Theorem 13.11 and Corollary 13.11 

To construct adelic wavelet bases, we will need the p-adic wavelet bases that contain 
the function 4>{x). Therefore, taking into account the second decomposition (13. lip , 
instead of the p-adic wavelet basis (13.200 in L^(Qp), we consider the following wavelet 
basis 

/g 22) ^''^ -a) eVo, a e Ip, 

where the wavelet functions ipk, k G F^ , are given by (I3.15p - (l3.17p . In particular, we 

have the following wavelet basis 

(3.23) 

0(x -a) eVo, ae Ip, 

V-gia:) = P^^'Xp^-ip-'x - a)^n{\p-^x - a\p) e Wj, k e F^, j G Z+, a G Ip. 

The fact that bases (13.220 and (13.230 contain the refinable function (f){x) = r2(|x|p) plays 
a crucial role in our construction (see below Sec. [5]). Bases (13.220 . (I3.23P will be called 
modified Haar type bases. 

Taking into account the second decomposition (13. lip , we obtain the following state- 
ment. 



(3.24) ~(o) 



i^hjai^) =P^^^Xp[-iP ^x-a)jn{\p ^x-a\p) 
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Proposition 3.1. The restriction of basis (I3.23P on Zp constitutes an orthonormal basis 
inL\Zp,dxl): 

0(x) = f2(|a;|p), 

where dXp = dxp\^ and I^ = {a G Ip : p^a G Zp}. 

Proof. It is easy to see that the restriction of Kozyrev's wavelets (13.2ip is the following 

'k 
-{ 
.p 

P^'\p{-p{P''^ - a))n{\p~^x - a\p), k G ¥p,j G Z+,a G I^, 
fl^{x), J < -1, a = 0, 

0, j<-l, a^O. 

For j G Z+, we have Wk;jai^)\z t^ '-' ^^^^^ ^^ \p^''x — a\p < 1. Let a = a_^p~^ + - ■ ■ + a_ip~^ 
and X = YlT=o^kP^ ■ Then we have 

oo 

p^^x - a = [xqP^^ H h Xj_ip^^) - (a^^p"^' -\ h a_ip^^) + ^ XkP^~^ . 

k=j 

Since p'^x — a E Zp, the latter relation implies that xop"^ + ■ ■ ■ + Xj-ip^^ = a^^p"'^ + 
■ ■ ■ + a^ip^^. Hence p^a G Zp. 

Let us calculate the scalar product 

= pO+y)/2 / ^^(^_(^p-0r^_ayjxv\ — {p'^'x-aYjx 

xVl{\^p'^^x — a\pjfl{\p~^ X — a'lp) dx, k, k' G ¥p,j,j' E Z+,a,a' E Ip. 

Here {wk-ja^rk'-j'a') ¥" o^ily if \p^-^x — a|p < 1 and \p^^'x — a'\p < 1. Just as above, 
we conclude that a, a' E Ip are such that p^a E Zp, p' a' E Zp. Thus for a E IL 
a' E I^p , we have supp Vt(^\p^^x — a\p), supp ^{\p^-' x — a'\p) E Zp. Now, taking into 
account orthonormality of wavelet functions V^L-^, Wk' j'a' i^ Qp' ^^^ "^^^ conclude that 
{i'k-!ja-:'^k';j'a') = Skk'5jj'5aa' , where 5ss' is the Kronecker symbol. D 

Using Proposition 13.11 and Theorem 13.11 one can prove the following statement. 

Proposition 3.2. The restriction of the basis (13.221) to Zp constitutes in L'^{Zp,dXp) 
the orthonormal basis 

(f){x) = ^{\x\p), 
(3 25) ~ 

ipk;ja{x) = p^/^Mp~'x -a)\^,kE¥;,aE i'\ j E Z+, 



where the wavelet functions il)k, k E ¥^ , are given by fl3.15p - fl3.17p . and the set Ip is 
defined in Remark \?).l[ 

Remark 3.1. We note that the set Ip , for which the restricted functions ipk-jaix), 

(i) 

a E Ip are nonzero, is finite and its description is similar to the description of the set 
n, though more complicated. For other wavelet bases, we will have a similar situation. 
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Consider the orthogonal projection 



(3.26) PM : L2(Qp, dxp) ^ L^Zp, dxl'' 



given by 

(3.27) L\Qp,dxp) 3 fix) ^ (PM/)(X) = f{x)n{\x\p) G L\Zp,dxl). 

In our case, the projections of modified Haar bases (13.221) and (I3.23P to the subspace 
L^{Zp, dXp) are also bases in L'^{Zp, dXp), where dXp is the restriction of the Haar measure 
dxp on Qp to Zp. We note that the projections of some basis elements become zeros. 

Proposition 3.3. The restriction of the p-adic Haar MRA {given by formula (I3.14p ) 
to the space L'^iZp) consists of the spaces 



(3.28) Vj = Vj\^ =svaii{pi/'^(t){p-^ ■-a),xeZp:aeIp], j eZ^ 

where Vj\^ = Vq = span{0(-)} for all j < —1, (f){x) = il[\x\p) , and 

V^o C \/i C \>2 C ■ ■ ■ . 
Here according to (l3.9p -( l3rTT]) . 

(3.29) L\Zp) = Vo^{^W,).^ 
where 






span{p-?'/2^fc(p ix — a)\^ : k e ¥^ , a e Ip}, j G Z^ 



and the wavelet functions ipk, k E¥p , are given by (I3.15p - p.l7p . In particular, we can 
use the wavelet functions (I3.23p . 

4. Basis in the space L^(A, rfx) 

4.1. Infinite tensor product of Hilbert spaces. We recall [52] (see also [121 Ch.l, 
§2.3]) the definition of infinite tensor product Tie = ^ Hn of Hilbert spaces Hn, n & N. 

e,neN 

Fix the sequence 

(4.1) e = {e^^^r^„ e(")Gi/„, ||e(")||H„ = 1, 

called a stabilizing sequence. Denote by E the set of all stabilizing sequences. Fix an 
orthonormal basis (o.n.b) {e^ )keN in the Hilbert space Hn such that e*^"^ = e^" , n G N. 
Let A be the set of multi-indices a = {an)n€N, ctn ^ '^, n E N such that an = I for 
sufficiently big n depending on a. 

By definition, the o.n.b. of the space (g)e,nGN-f^n with the stabilizing sequence e consists 
of all vectors {ea)aeA of the following form 

(4.2) e„ = e« ® eg^^ ® ■ ■ ■ ® e^^} ® e^^+i) ® • ■ ■ , a G A 

where a„ = 1 for sufficiently big n depending on a. An arbitrary element / of the space 
Tie has the following form: 

(4.3) / = 5^/„e„, with \\fTn. = J2\f\l<^ 

a£A a£A 



WAVELET ANALYSIS ON ADELES AND PSEUDO-DIFFERENTIAL OPERATORS 15 

and the scalar product {f,g)ue of two vectors f,gE'He has the following form: 

(4.4) (/,^)w. = ^/a^- 

It will often be convenient for us (see |T2l Ch.l,§ 2.3]) to represent the set A as the 
union of disjoint sets, each consisting of "finite" sequences. Namely, for an a G A let 
^{a) denote the minimal m = 1, 2, . . . such that a^+i = 0:^+2 = ■ ■ ■ = 1. Let 

(4.5) A„ = {a e A : u{a) = n}, n E N. 
Obviously, A„ f]Am = {n^m) and A = |J^i A„. 

Example 4.1. ([121 Ch.l, §2.3, example 1]) Let L'^{Xk,fik), A; e M be the space of 
square integrable complex functions on the measurable space Xk with a probability 
measure /i^. Choose the stabilizing sequence e = {e^'^^)'^^^, where e^''\x) = 1, x G Xk, 
/c e N. In this case we have 

Theorem 4.1. The following two spaces are isomorphic: 

(4.6) (g) L\Xk, fik) = ^' ( n ^^' ^keNfik) . 

e,fceN fceN 

Example 4.2. If in the previous example the first m measures fik are not necessarily 
probability, i.e., fiki^k) = C)0, then we get following statement. 

Theorem 4.2. The following two spaces are isomorphic: 

m 00 

(4.7) L2(j]Xfc,®^=i/Xfc)® ( (g) L\Xk,fik))=L^[l[Xk,^kmfik)- 

k=l e,k=m+l fceN 

Remark 4.1. Let us consider in the infinite tensor product space He = ^ Hn the 

e,neN 

infinite tensor product A = ^nm^n of bounded operators An acting in the space 
Hn, n G N. By definition, an operator A acts on the total set of well-defined vectors 
/ = ^nenfn in the space Tie (see Lemma WA\} in the following way: 

(4.8) Af := ^nmAnfn = Aifi ® ■ ■ ■ ® A„,frn ® " • • , 

if the latter expression is well-defined in Tie- In the sequel we shall use the projections 
Pt™'^ : "He -^ H^'^\ where the subspaces //H c "He are defined on the total family of 
vectors / = ^nenfn as follows: 

and 

m 
if H = (g) ^^ ^ e(m+l) ^ g(m+2) ^ . . . 

n=l 

We shall denote by A(m) the projections pH^pM of the operator A in "Hg onto the 
space i/H^ i.e. define A(^) := p[™UpM. it is clear that 

m 

Aim) = (g) ^n ® (g) Idn, 

n=l n>m 

where Idn is the identity operator in Hn- We have the strong convergence A(^rn) -^ 
A as m — )■ 00 on a suitable set of vectors / = ^nmfn- It is sufficient to estimate 
||(A- A(„))/||^,. For details, see ^ Ch. I, §2.7.]. 



16 A. YU. KHRENNIKOV, A. V. KOSYAK, AND V. M. SHELKOVICH 

As usual, we denote by y4|x the restriction of an operator A acting in a Hilbert space 
H to the invariant subspace X d H. 

4.2. Complete von Neumann product of infinitely many Hilbert spaces. The 

complete von Neumann tensor product Ti = ^kenHk of Hilbert spaces Hk, k & N is by 
definition the orthogonal sum of the spaces Tie (i52j, see also [121 Ch.l,§2.10]) 

(4.9) n= ^Ue 

over all possible equivalence classes Ej^ of stabilizing sequences e. 

To be more precise, fix the space He = ^ Hn- We define the vector / = ®neNf^'^\ 

e.neN 

where /'•"^ G Hn, as the week limit (if it exists) in He of the vectors 

(4.10) f[m] = /(I) ® ■ ■ • ® /('"^ ® e(^'"+i) ® e('"+2) ^ . . . 

as m — )■ oo. Since the set span {cq : a G A} is dense in Tie, the week limit of the 
vectors f[m\ exists if and only if: 1) the norms ||/[w,]||-^^ are uniformly bounded with 
respect to m = 1, 2, . . . , and 2) limm^oo(/["^], ea)^^ exists for each a G A. The following 
statements are proved in [121 Ch.I,§2.10]. 

Lemma 4.1. The strong limit of vectors (14.101) exists in Tie, as m -^ cxd, if and only 
if the product H^i il/^")||i?„ and nr=g(/^"''' ^'■"^)^n (q = 1,2, ...j converge to finite 
numbers, and we have Y[^=i II/^"''IIh„ = when n-^o(/''"^ ^''"))i^n — /^^ each q. 

Corollary 4.1. // f^"-^ in (14.101) are taken to be unit vectors, then the strong limit 
limm-s>oo /[^] exists if and only if for some q = 1, 2, . . . the product Y['^=qif^"'\ ^'^'^^)h„ 
converges to a finite nonzero number. 

Definition 4.1. (see pj, Ch. I, §2.10, Theorem 2.9]) Consider the set E of all stabi- 
lizing sequences e = (e*-"))^^^ of the form (14. ip . A stabilizing sequence I E E is said to 
be equivalent to a stabilizing sequence e G -E (/ ~ e), if each strong limit 

m—^oo 

exists in T-Le, where (/"^"^ )^^ is the sequence (/'•"•')^i, "diluted" by the vectors e^^\ i.e. 
each Z*^")' is equal either to l^"'^ or to e^^\ The relation ~ is an equivalence relation and 
we denote by -E/^ the set of all equivalent classes of E. 

Theorem 4.3. Two infinite tensor products Tie = ^ Hn and Hi = ^ Hn cor- 

e,nGN Z,nGN 

responding to two equivalent stabilizing sequences e = {e^^^)"^^^ and I = {l^"'^)'^^i are 
isomorphic. For e i^l, the spaces l-Le o,nd Tii are orthogonal. 

4.3. On some subspaces of the infinite tensor products. Let X„ be some sub- 
spaces in the Hilbert spaces if„, n G N and let (e^" )fc6z be an orthonormal basis in Hn 
such that the orthonormal basis in Xn is {e^ )k(£n, and let (e^"^)„gN be the stabilizing 



sequence e*^"^ 


= eS"\ neN. Note that 


(4.11) 


e(") = e[") ( 



e XnC Hn, ne N. 

Consider two spaces Tie and 'Hg(X), / G N, where 

'He= 6d Hn = Hi^H2(S)---^Hi^ Hi+i (S) Hi+2 (S) 



e,nGN 



WAVELET ANALYSIS ON ADELES AND PSEUDO-DIFFERENTIAL OPERATORS 17 

I oo 

(4.12) H[{X) = ^Hk® (g) Xk = Hi®H2®---®Hi®Xi+i®--- . 

fc=l e,k=l+l 

In the particular case X„ = Ce'-"^ we have 

H[{X) = Hi®H2®---®Hi® Ce('+i) ® Ce('+2) ® . . . ^ / ^ M. 

Lemma 4.2. For arbitrary subspaces X„ m iJ^ and a stabilizing sequence (e'^"^)„gN with 
properties (14.111) . we have 



(4.13) ne = \Jn[ix). 

Proof. The basis in the space Tie is the following (see (I4.2p ): 

(4.14) e„ = eW ® eg ® ■ ■ ■ ® eg ® e("+i) ^ ■ ■ ■ , a e A = [j An, 

neN 

where A„ is defined by (14. 5p . and the basis in the space 'Hg(X) is 

eL = eg ® ^al ® ■ ■ ■ ® e J) ® ej+^^) ® ■ ■ ■ ® e^^'+^J O e('+''+^) ® ■ ■ ■ , 

(4.15) aeAi= \J V, 

fceNujo} 

where 

Ai^k = {a e A : ai e Z, 1 < i < I, ai e N, I + 1 < i < I + k, ai+k+i = I, i > !}■ 



Obviously -He ^ Hi(X) for all / G N, hence Ke ^ [Ji>i Ki^). 

We show that Tie C [Ji^i'H[{X). It is sufficient to show that all vectors e^ of the 
form (I4.14P are contained in the family of vectors e'^ of the form (I4.15p . Indeed, if we 
take in (I4.15P / = n and fc = 0, we obtain all vectors Ca of the form (I4.14p . D 

4.4. Infinite tensor product of Hilbert spaces L'^(Qp,dxp). Using the results of 
the previous section we can define the infinite tensor product 

(4.16) ^e(Q)= (g) L-'iQp^dxp) 

of Hilbert spaces L'^{Qp,dxp) with an arbitrary stabilizing sequence e = (e*-^-')pgVQ e^^^ G 
L^{Qp,dXp). 

Let {e)^}a^eioo and {eapjap&p be arbitrary orthonormal bases in L'^{Q^,dXoo) and 
L'^{Qp,dxp), respectively, where loo and Ip are the corresponding multi-indices. Then 
the orthonormal basis in the space 'He(Q) is the following: 

(4.17) e, = elZ^ ® (9) eg ® (S?) e^P\ a = {a^, a^, ag, • ■ ■ ) e A, 



^p 



p<in m<p 

where {e^^)pfzVQ, e^'^'' G L^(Qp, dxp), is some stabilizing sequence and A is defined below. 

Definition 4.2. Define A as the set of multi-indices a = (ap)pgyQ, ap G Ip such that 
eg = e^^^ for sufficiently big p depending on a. 
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Fix the stabilizing sequence of the form 

(4.18) e = {e^%sVQ e^^^Xp) = (j)p{x,) = n{\xp\,) G L\Zp,dxl), p G Vq. 

Using Lemma Sm for the stabihzing sequence f l4.18p . we obtain the following descrip- 
tion of the space L'^{A,dx). 

Lemma 4.3. We have 

(4.19) L\A,dx) = •He(Q) = (R) L\Qp,dxp). 



Proof. It is sufficient to use Lemma 14.21 and set Xp = L^CZp), Hp = L^(Qp), "H^ = 

L\AP,fiP) = (g) L\Qg) ® (g) L\Zg), p e Vq, where A^ = Q^o x Up'<pQp' x Up'>p^p', 

q<p <i>p 

p eVq\oo (see (I4.27P ). yU^ is the restriction on A^ of the Haar measure dx on A. D 

4.5. Some remarks about the stabilizations. Consider the space (14.161) 

(4.20) ^e(Q)= (g) L\Qp,dXp), 

where the stabilizing sequence e = (e*^P^)pgyQ has the special form e'^^\xp) = 4>p{xp) G 
L^(Qp,(iXp). We show that the sequence e and My e for j G Z are not equivalent (see 
Definition 14. ip . where 

(4.21) M^e := (M^0(^))pey, and M^0(^)(xp) := p-^/y^Hp^'^p)- 
Indeed, we have 

p-^'\ 3 > 0, 

p^/2, J < -1. 



(0(^),M^0(^))^.(Q^)= / <p(^\xp)p-^/'<P^^\pixp)dx=\ ^ ./2 

JQp 

Set Coo = (0(°°),M40(°°))i2(Q^„o), then we get 

pGVo\oc I (ripeyQVooP) ' J<-1 



-i/2 



Thus in both cases the product is divergent, i.e., (e. My e) = hence the sequences e 
and My e are not equivalent! 

A similar argument holds if we take as the stabilizing sequence some elements of 
Kozurev's basis ^pap in the space L^(Qp), i.e., e = {ijJaJ)peVQ- In this case we immediately 
get (^i^\M^V'iy)2,2(Qp) = for all j G Z. Hence the sequences e = (V'ip)peVo and 

M^-^e = (M^V'ap )peVQ are not equivalent. 

The above considerations force us to consider the following space 

(4.22) He,z(Q) = (Bj&n, 



to be sure that the operator My is well-defined. Further we set 
(4.23) Wk = HMt e( 



(4.24) V, = ©L_iy. = (BL.^n 



M *> e 

Vn 
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Theorem 4.4. The coUection of closed spaces Vj C 'He,z{Q), j G Z, defined by (I4.24P 
is a muhiresolution analysis in 'He,z{Q), i-e., the following properties hold: 

(a) Vj C Vj+i for aU j G Z; 

(b) U V, is dense in -HeAQ); 

(c) n V, = {0}; 

(d) /(■) G V, ^^ /(M^-) G y,+i for all j G Z; 

(e) there exists a basis {ei)i(zi in the space Wo such that (My ej)ig/ is a basis in the 
space Wk, k E Z. 

4.6. Complete von Neumann product of Hilbert spaces L'^{Qp,dXp). It is nat- 
ural to consider also the complete von Neumann product (see (14.251) ) of Hilbert spaces 

L'^{Qp,dxp), pEVq 

(4.25) n{Q) = He(Q), 

where 'He(Q) is defined by (I4.20p . Perhaps this space could be useful in further devel- 
opment of analysis on the adele space A. The space 'He,z(Q) defined by (14.221) certainly, 
contains the space L^(A) and is roughly speaking an infinite direct sum of non isomor- 
phic copies of the space similar to L^ (A) . 

4.7. Basis on L^(A, dx). We can construct a basis in L^(A, dx) using description (I4.19P 
of the space L^(A, dx) in Lemma H73l Without using this description we can proceed as 
follows. 

We present A as the union of some subgroups A^: A = IJpey ^^ (^^® (I4.27P ). then we 
realize L^(Ap,/x^) as the infinite tensor product of Hilbert spaces (see (I4.30p ) and use 
the following considerations. 

Let {X, n) be some measurable space and let X be the union of the measurable sets 
X„, X = U„gj^X„. Set /i„ = /i|x„, i^n = /iU„\x„_i, n>2, z/i = /ii and Xq = 0. In 
this case we have 



(4.26) L2(X,/i) = ©„eNL2(X„\X„_i,z/0= |J L2(X„,/i„). 

neN 

For any prime p we denote by p- and p+ the previous and the following primes. 
Define the subgroup A^ of the group A as follows: 

(4.27) AP = Qoo X JJ Qp, X JJ Zp,, pe Vq. 

p'<p p'>p 

WehaveA = UpeyQ^^- 

Let dXp be the restriction of the Haar measure dxp on Qp to the subgroup Zp, let 
dfi^ be the restriction to the subgroup A^ of the measure dx on A, and let dup be the 
restriction of the measure dx to the subset A^ \ A^- . Then we have 

(4.28) djjF = dxoo ® ( ®p'<p dxpA ® ( ®p'>p dx^,). 
and using (I4.26P we get. 

Lemma 4.4. For an arbitrary prime p we have the following description: 



(4.29) L^{A,dx) = L^{AP,fiP) © f^L\AP'\AP'-,Up,)') = [j L^{AP,fiP). 



p'>p PGVq 
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To construct a basis in the space L^(A, dx) using the latter description, it is sufficient 
to construct a basis in the space L^(A^,/iP). The latter space L'^{hP,^^) is the infinite 
tensor product of the spaces L^(Qp, dxp) and L^(Zp, c/Xp): 

(4.30) L2(AP,/iP)=L2(Q^,dxoo)®((g)iv'(Qp',rfa;pO)®( (g) L\Zp, , dx^,)) . 

p'<p e,p'>p 

Remark 4.2. Since the measures dXp on Zp are probability measures, decomposition 
(14.301) allows us to use an explicit description of the basis in the infinite tensor product 
(^kmL'^i^k, ^J'k) of Hilbert spaces L'^{Xk,fik) with probability measures /ifc, fc G N (for 
example, see [12j) in order to construct a basis in the spaces L^(A^,/i^) and L'^{A,dx). 

Suppose that {ea^}a^&^, and {e^pjapsip are arbitrary orthonormal bases in the 
spaces -L^(Qoo) and L^(Qp), respectively, loo and Ip are the corresponding indices. Fix 
the stabilizing sequence (e*^P^)pgyQ, where e*^^^ is some element of the basis {eap}ap&p 
for all p G Vq such that e^^\x) G L^(Zp,(iXp). We can construct a basis in the space 
L^(A^,/iP) for all p G Vq using decomposition (I4.30p . In such a way we can construct a 
basis in L'^{A,dx) using (I4.29p . As it was mentioned before, using Lemma [4.31 and the 
basis in the infinite tensor product we obtain. 

Theorem 4.5. The vectors 

(4.31) e„ = ei^) ® (g) e^f) ® (g) e^^), a G A = (J ^-' 

q<m in<q meVij 

/orm i/ie orthonormal basis in the space L'^{A,dx), where A is the set of multi-indices 
a = (Q;p)peVQ; such that e^ = e*^^^ for sufficiently big p depending on a {see (14. 2p ). 
Ap = {a G A : z/a(a;) = p}, p G Vq, and z/a(a) denote the minimal p E Vq such that 
Gaq = e*^'') for q > p. 

Corollary 4.2. The vectors 

(4.32) e« = (g) eg^) ® (g) e(«), a G A, 

q<.m m<q 

form an orthonormal basis in the space L'^{A,dx), where A is the set of multi-indices 
a = (ap)pgVo\{oo} such that ipaj = e^^^ for sufficiently big p depending on a, i.e., 

(4.33) A = M Am and A.^ = {a G A : Vaio) = rn}, m G Vq \ oo. 

meVQ\oo 

5. AdELIC WAVELET BASES GENERATED BY TENSOR PRODUCT OF 
ONE-DIMENSIONAL WAVELET BASES 

To construct an adelic wavelet basis, we apply the above scheme from Subsec. 14.71 
to the one- dimensional bases (13. Sp . (13.221) . (13.251) . In particular, one can use the Haar 
wavelet bases ([33]), (fS^SD, ^^. Let 

(5.1) ^Sn^oo) = ^£L(^oo) = i^tajxoo). «oo = (joo,aoo) G loo := (Z,Z); 

be the real Haar wavelet basis (13. 5p in L'^' 



.5 2) ^SW = i^kp-jpapi^p)^ "p = i.K^Jp^(^p) e 1+ := (F;,Z+, Jp;, 



'^ali^p) = Wp{xp) = 0(P)(xp - Op), ap = (0, 0, ap) = ap e Ip] 
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be the p-adic modified Haar wavelet basis (I3.22p in L^(Qp), where Ip is defined by (13.81) . 
and let 



(5.3) 



<na;p) = 4''Ha;p) = 0(p)(xp), «p = (0,0,0)=0; 



be the p-adic Haar wavelet basis (13.251) in L^(Zp), which is the restriction of the basis 
(15. 2p to Zp. We recall that the restrictions of some basis elements (15.21) are equal to 
zero (see Remark 13.11 and Proposition 13. ip . Here and in what follows, for a stabilizing 
sequence we take (14.180 . 

Hence we have the following bases in L^(Qp) and in L'^^Lp), respectively, 

(5.4) V'g, apelp = i;\Jlp; <), ap E I^^^ := I^ \J{0} C Ip, 

where {ijjaj} ^ao) is the projection of {ipajja^&v '^^ L'^i'^p)- Now, using Lemma WM 
we obtain the following orthonormal wavelet basis in the space LF'{K,dx) (see (I4.3ip ): 

(5.5) vl;^ = vl/(^.^^(x) = ^£) ® (gX) ® (g)^^''), a G A = [j km- 

q<m m<q mGVjj 

and the orthonormal wavelet basis in the space L'^{A,dx) (see (14.321) ) 

(5.6) ^„ = ^(^j,a)(x) = (g) ^S ® (^ 0(^), a G A, 



■•1 

2<q<m m<q 



with the stabilization {/) = {(l)^^>)p^y^^\oo- Here fc = (fcp)p, j = (jp)p, a = (a.p)p (see (15. 2p ). 

Remark 5.1. We note that in [201 Sec. 4, formula (4.1)] the basis in the space L^(A, dx) 
is constructed as follows 

p=2,3,... 

where il)'Z{xoo) (iiT-d ipap,i3p{xp) are orthonormal eigenf unctions {of harmonic oscillators) 
in the real and p-adic cases, respectively, where 4'ap,i3p{xp) = ^(l^^plp) for almost all p . 

Let us introduce the adelic set of shifts /& and dilations Z*: 



'P5 



-^A — {C^ — [(^ooy 0'2i ■ ■ ■ 1 0-p; . . . ) : ^oo ^ -'oo — Z, ttp G ip 

(5.7) there exists n depending on a such that Op = Ofor allp > n}. 

^A = { j = (joo, J2, . . . , jp, . . . ) : joo e Z, jp G Z, 

(5.8) there exists n depending on j such that jp = Ofor allp > n}. 

Set m{a) = min{p : a^ = for all q > p} and m{j ) = min{p '■ jq = for all Q' > p}. 

On the space L^(A) we define the operators of shifts Ts, a G Za, and multi- dilation 
M^ , j G Za which are defined as the infinite tensor product of one-dimensional operators 
(HSU): 

(5.9) m'^ = M-^-^ (g) M;J'®(g)Jrf„ 

2<q<m q>m 



22 A. YU. KHRENNIKOV, A. V. KOSYAK, AND V. M. SHELKOVICH 

where m = m{j) and Idq is the identity operator on L^(Qg). We suppose that the 
operators M^, and M^ in the spaces L^(Qoo) and L^(Qp) (on the functions f^"^^ G 
L2(Q^) and /(^^ G L'^{Qp)) act as follows 

Let /(x) = ®,eyQ/,(Xg) e L2(A), where /(-) G ^^(Q^), /(«) e ^^(Qg), g > 2, and 
^(9) = 0(9) for almost all q > m. Then 

(5.10) [Taf){x) = f{x- a) = foo{Xoo- a'oo)®^fq{Xq- aq), 

2<q 

(5.11) ® ( (g) g-^'^/^^'^H^^'a;,)) ® ((g)/^'^Ha;g)), 

2<q<m m<q 

"^ll 9-ioo/2 f(oo)^9-joo„ _ „ ^ - 



00 "'OO J 



(5.12) ® ( (g) q-^^'^f'i\q^^Xq - a,)) ® ((g) /(«na;<?))- 



2<g<m m<q 



In the latter relation, we assume that m = m{j ) = m{a). 

Now one can obtain the adelic wavelet basis functions \E'q, given in (15. 5p by all adelic 
shifts and dilations of wavelet functions 



Namely, 

^-(^) =: *(^,?,a)(^) = (^%*(M,0))(^)' 

where A; = (0, A;2, . . . , /c^, 0, 0, . . . ), kq e F^; a = (ooo, ^2, ■ ■ ■ , ctm, 0, 0, . . . ), Ooo G Z, 
aq e Iq] j = (joo, J23^- • • , jm, 0, 0, . . . ), joo G Z, jg G Z+; m G V^Q \ oo. We stress that here 
m{a) = m{j) = m{k) = m. 

The wavelet systems (15.51) described above is of considerable interest and can be 
useful in various situations. Nevertheless, they do not possess all the advantages of 
one-dimensional wavelet bases, in particular, the localization property, which is of great 
value for applications. In the one- dimensional case, the real Haar basis functions with 
large indices joo G Z and the p-adic Haar basis functions with large indices jp G Z+, p = 
2, 3, ... , have small supports. Thus the support of the multidimensional basis function 
may be large along one or several directions and small along some other directions. To 
avoid these drawbacks, we shall use a different approach. Its main idea is using the 
tensor product of the MRAs generating these bases instead of the tensor product of 
available wavelet bases. 
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6. Separable adelic MRA generated by tensor product of 

one-dimensional mras 

Using the idea of constructing separable multidimensional MRA by means of the ten- 
sor product of one-dimensional MRAs (suggested by Y. Meyer [50] and S. Mallat |1S], |1Z] 
(see, e.g., [531 §2-1]), we construct wavelet bases for the space L'^{A,dx). 

(k) 

We start with some general facts. Let we have a collection of closed subspaces V- , 
j G Z, in a Hilbert space Hk, k = 1,2, . . . ,m, having the properties (a), (b) and (c) of 

the Definition O (a) VJ''^ C VJ'll for all j G Z, k = 1,2, . . . ,m; (b) Hk = Ujez '^i^^ 

(c) n ^ {0}- We use the following notations for the finite tensor product: 

m 

(6.1) if H = (g) Hk, Vj^\ = Ff ^ (BWJ'\ jeZ, k = l,2,..., m, 

k=l 



k=l k=l 



f;;j = (X) v'li = Miv'^' © wn = yp © w^'' 



where 



k=\ (ii,i2,...,im;j)e{l,2}™\{l,l,...,l} 

(6-2) W^n..,...,.„;.) = ^nX!, ® • • ■ ® ^d' 

and 

(6.3) Zi5 = Vf\ Zf] = W^, k = l,2,...,m. 

For the infinite tensor product we keep the similar notations: 

H = ne= 6dHn, if!"] = ^T=iHk 6d e("+') ® e(™+2) ® ■ ■ ■ , meN 



e,neN 
m 



fc=i 



JiVP © W^f )) © e^^+i' © e(™+2) © ■ ■ ■ = T//'"! © ly]™', 
fc=i 
where 

m 

(6.4) VP = (9) V/') © e(™+i) © e("^+2) 



k=l 



(n,i2,.--,«m)e{i,2}'"\{i,i,...,i} 

(6.5) W^(n..,....™.) = 4'i ® 4'i ® ■ ■ ■ ® ^S ® e^'-^^) © e(-+2) © 

Define the space Vj as an appropriate limit of the spaces K 



(6.6) Vj = span(W"'^ : m G N) 
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Theorem 6.1. Let subspaces {V^ }jez of the space H^, n E N satisfy the following 
properties: 

(a) y/"^ C f/"! for all j E Z and n E N; 

(b) Uigz ^ ^'5 dense in Hn; 

(c) n.^^Vl'^^ = {0} zn Hr.. 

Then the subspaces Vj,j E Z, of the space Tie = (X>e,neN-f^n defined by (\6.6\i satisfy the 
following properties: 

(aH) Vj C Vj+i for all j E Z; 

(bH) Ujgz^i ^'5 dense in He = ®e,neN-f^n; 

(cH)n,,z^. = {0}. 

Proof (aH) Since 1//"^ C 1//"! for all n G N, we conclude that VJ""^ C V;'™], m e N (see 
dSaD), hence V,- = span(l^H : m G N) C span(\/t7J : m G N) = Vj+i. 

(bH) It is clear that for any fixed m G N the space Ujgz ^ is dense in the space 



i/H = ^^ ^ gCm+l) ^ g( 



,(m+2) 



hence all vectors e^, a G A^ of the basis (14.141) are contained in UjgzW • To finish 
the proof, we note that all elements of the basis Cq,, a G A in 7/e = ®e,nGN-f^n are given 
by dm]), where A = U„gNA„^. 

(cH) 1. Let us suppose that for any m G N, we have 

(6.7) n,,zv;["i = {0}. 

2. In this case we get 



(6.8) n,ez Vj = Hj^zspMyr : m G N) C span(n,-ezV;.^™^ : m G N) = {0}. 

1. To prove ([62D, we shall use (c). We set I^j"^ = VJ^^l e VJ'"-^ for j G Z and n G N. 
Then we get 

(6.9) H^ = ®,e^wt\ and VJ^^ = ^Hl^wt^ . 

Let (con) An) be an orthonormal basis in Wk, then by construction, {ea„)a„ei'-^'i i^ an 

^ k 

orthonormal basis in Hn, where I^"^ = Ufcgz-^fc • Define A(J) (see Definition (14.21) ) as 
the set of multi-indices a = (a„)„gN, a„ G J*^"^ such that CaJ = e*-"^ for sufficiently big 
n depending on a, here e = (e*^'^^)^^^ is a stabilizing sequence. Using (16. 9p and (16. 4p . 
we get 



fc=i 

i-i 



(8) ( ^i'O ® "^"^'^ ® "^ 



,("1+2) 
fc=l n=— oo 

SO the basis in the space VJ can be chosen as e^, a E Am,j{I), where 



e„ = eiV ® e(2) ® ■ ■ ■ ® e^™) ® e^'^+i) 



ai ^-^ 02 
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A„j(/) = \^ae A(/) : a = (a„)n6N, ("i, • • • , «m) e ( |J /f \ • • • , |J 4 



r(l) I I ^M^ 

fc=— oo fc=— oo 

Note that n,,z A™,(/) = lim,^_oo ( U=-oo 4'^ • • • , UC-oo 4™^) = ^^ this imply (EZD 
(compare also with Lemma l6.ll below, where Aij(J) = (— oo,j — 1] fl Z). Indeed, for 
/ G VJ we have 





/ = ^ Coe„ with Iff 

a6Am,j{/) 


= 2^ Ca\ < OO. 






If / G n,,^ V;'™! then 










|/r=.lim )^ |c„^ 
QeA™j(/) 


= >:c.^=o, 

Q;e0 






2. To prove 


(16.81). using (16. 4[) we get 


^+2) ® ■ • • , m G N, 








r^[il = r/i) e(2) ® ■ ■ ■ ® e(™) ® e(™+^) ® ■ ■ • , 








Vj'^ = Vl'^ ® Ff ) ® ■ ■ ■ ® e(-) 


® e("+^) ® • ■ • , 








yH ^ ^^(1) ^ v;.(') ® . . . ® f/'"^ 


' ® e^'^+i) ® ■ ■ ■ . 






Denote by Vj ' 


'(e) = span(e(''\ VJ^^) for A; - 1 G N, then we get 






span(v/l,vf) = V;«®\/f(e)®e(3) 


® ■ ■ ■ ® e^™) ® 6^'"+^) 


®- 


) 


span{VJ^\vj^\vj^^) = V}'^ ® ^f \e) ® V^-^'^e) ® • ■ ■ ® e^"^) ® e^"" 


^+1) 


®---, 


span(\/. , /c : 


= 2, . . . , m) = Vj'^ ® V}^\e) ® vl'\e) ® • ■ ■ ® VJ"'\e) « 


> e(™+^) ® ■ ■ ■ . 


Since V;.^"^(e) = 


= span(e("),v/"))cK,^"^forj<0, 


we conclude that 

v;«®(g)i^;")(e)c 

e,n>2 


^^'^ 




Vj = span(\//^ : A; e N) = VJ'^ ® (g) ^//"^(e) = 

e,n>2 


^^ (g) V("\ 

e,n>2 


So 











Pi V;- = Pi span(y/^ : /e G N) C 



I opain^ V 

c n (vj'^ ® (g) n^"^) = n (^/'^) ® (8) ^o"^ = io}- 

jeZ e,n>2 jGZ e,n>2 

D 

Remark 6.1. We can give another definition of the spaces Vj, j G Z, namely, for fixed 
n G N denote by Vj{n), j E Z the following family of spaces 



(6.10) Vj{n) = span(V,'"' -.meN, m>n). 

For this system of spaces, an analog of Theorem 16.11 holds. Moreover, in the proof of 
(cH) we have the following formula (see the end of the proof of the Theorem 16. ip : 

n 
j€Z j€Z fc=l e,fc>n 
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We would like to present the following elementary lemma. 

Lemma 6.1. Let we have the decomposition of the Hilbert space H = ®keiWk and let 

{€.a)aeik ^^ ^'^ orthonormal basis in the space Wk- Set Vj := ©;[~_j^PVyfc, then fljgz ^' ~ 
{0}. 

Proof. By construction, {ea)aej is an orthonormal basis in H, where J = Ufcez "^k- We 
have for any f E H 



(6.11) / = ^c„e. = E ( E ^-^" ) ^^d 11/11' = E ( E 

If f e Vn = ®lZ^_^Wk for all n E Z, using flOTD . we conclude that 



cl 1 < CX). 



n-1 
2 



H- E Ei'^-n-o- 



n—^—oo 



D 

Let {K }jez be one- dimensional MRA (see Definitions 13. H [3l2|) . and let 0'-'^^ be its 
refinable function, z/ G Vq. We introduce the spaces (see (16. 4p ) 

(6.12) V/'"' = (9) V/"^ ® </)(''"+) ® • ■ ■ C L2(A, rfx), m G \/q, j G Z. 



;^£{oo,2,3,...,m} 



Now we introduce in L'^{A,dx) the delation operator M^ , which is defined by its 
projection MLn on any subspace VJ (for details, see Remark [4. ip : 



(6.13) M('^)=M-^® 09 Ml®(^Idq, mGFQ\oo, 

2<q<m q>m 

where /dg is the identity operator in L^(Qg). For / G L^(A) we define M^.f and 
{M7\Ta)f similarly to (15.111) and (15.121) . respectively, where Ja is given by (15.70 . As 
before, we assume that m = m{a). 

Theorem 6.2. Let {V }j^z be the one- dimensional MRA [see Definitions 13. Ij 

and let (f)^"^ be its refinable function, u E Vq. Let 

(6.14) ^{x) = (l)^°°\x^) ^ (I)^^\x2) ® ■ ■ ■ (S) (l)^P\xp) ® ■ ■ ■ , xeA, 
and 



Vj = span(V^-'"' : m eVq 



(6.15) = span{ (M^^^^Ta^) {■) : a E h, m{a) = m E Vq}, j G Z. 
Then 

(6.16) l^, = (g) V^^ C L2(A,rfa;), j G Z+, 

[where e = {(p^'''')ueVQ\oo is the stabilization sequence (I4.18P and the subspaces (I6.15P 
satisfy the following properties: 

(a) Vj C Vj+i for all j E Z; 

(b) Uj(zzVj is dense in L'^{A,dx); 

(c) n.ezV, = {0}; 
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(d) /(■) G V]"^^ ^^ {M[J^)f)i-) e l^,'+i for all J G Z, for any m G Vq; 

(e) the function $ G Vq is such that the system {$(x — a) : a G /a} «s an orthonormal 
basis for Vq . 

Proof. 1. For each z/ G Vq, the system of functions {(f)^'^\- — cii>)}a,,&iv is an orthonormal 
basis of the space Vq (see axioms (e) in Definitions 13. 11 [3?2l) . Using the construction of 
Sec. m and taking into account that any shift a = (aoo, a2, ■ ■ ■ ,ap, . . .) E Ia is finite and 
0^'^-' G V^ C L'^{Q„,dx,y) is a stabilization sequence fl4.18p in L^(A, dx), we conclude 
that the system {$(x — a) : a G /a} is an orthonormal basis in Vq and 

K)= (g) l^o^"^cL2(A,dx). 
Using definition fl5.12p we get for m{a) = m. 

m 



(6.17) ® \(^v'l'4>'-''\v-'x, - a,)j ® 0^'"+^(a:™J ® ■ ■ ■ G Vf' C V,- 

for any d, E I^, rn E Vq. 

Since {vil^(l)^^\v-ix^ - a^) : a^ G h} is the basis in ^/^^ and ^^'^^ G V^""^ C 1//'^^ for 
j G N, using (16.151) and (16.171) . we conclude that 

^^•= ® Vl"^ cL\A,dx), J en. 

e; j/eVQ 

Taking into account axioms (d) in Definitions 13.11 13.21 one can see that Definitions 
fl67[5D . fl67[3D imply that / G T/J""^ if and only if M'^^fi ■) G l^/""^, j G N, m G Vq. 
Thus representation (16.161) and properties (e) and (d) hold. 

2. Due to [12, Ch. I, §2.2, Theorem 2.2], we immediately obtain that property (a) 
holds for j G N. For any j G Z the property (a) holds by Theorem 16. 1[ Here we 
give an independent proof. According to (16.151) . Vq = span{$(x — a):ae /a}, where 
^[x -a) = 0(°°)(xoo - floo) ® 0^^ ^(x2 - aa) ® ■ ■ ■ ® ^(^^(xp - Op) ® 0(P+)(xp+) ® ■ • ■ . 
Applying the refinement equation (I3.13P to any factor of the above product and taking 
into account that the numbers — , — + - G Jj, for all a^, G I^ and r = 1, 2, . . . , z/ — 1, 
u = 2,3,..., we conclude that Vq C Vi. By Definition (I6.15P of the spaces Vj and 
property (d), this yields property (a). 

3. The property (6) holds by Theorem 16. 1[ Here we give an independent proof. It is 
clear that any element g G L^(A, dx) can be approximated by a finite linear combination 
of the basis elements \E'a(x) = "^n^q a)i^) '^^ L'^i^, dx) given by (15. 5p . At the same time 
any element \E'a(x) = ^1'/^.^ a)(^) ^^ ^ finite product of the one- dimensional basis elements 

dSID-dEl: 

^S(^oo) = CL(^°o) e ^'(Qoo), «oo e (Z,Z), 

<n^.) = ^S.,a,)(^«) ^ ^'('^^)' «P e ip = (f;, z+, Jp) IJ/p, 

In turn, it follows from the completeness property for each MRA {K }jez (see axioms 
(b) in Definitions 13.11 13. 2p that any element /oo G L^(Qoo) and /^ G L^(Qy) can be 
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approximated by a finite linear combination of tfie functions 2^''^(l)^'^\2^ ■ —a^)^ a^ G 
Joo, and i'^^'^(j)'^^\v^^ ■ —a„), a^ G /^, respectively, for sufficiently large j {j G Z+), 
u G {2,3, ... ,p}. Hence any basis element "^aix) = '^n:.^^)^^) ^ L'^{A,dx) can be 
approximated by an element of the space Vj for some sufficiently large j {j G Z_|_). This 
implies that the element g can be also approximated by an element of the space Vj for 
some j, i.e., the collection of all the spaces Vj, j G Z, is dense in L^(A, dx). 

4. The property (c) holds by Theorem 16.11 Here we give an independent proof. Let 
us prove that the intersection of all Vj does not contain a nonzero element. Assume 
that there exists an element g G L^(A, dx) such that g & Vj for all j G Z and \\g\\ ^ 0. 
According to Sec. the wavelet functions "^a = ^(^-7 s) ^ L'^i^, dx) given by fIS.Sp form 
an orthonormal basis in L^(A, dx), then g can be represented a.s g = XloeA '^q^q ^ ^' ^^^ 
all j G Z, where the coefficients Ca are independent of j. Here a = (ap)pgVo = {k;j a), 
a^ G (Z, Z), ap G Ip = (F^ , Z+, J^) J /p, P_= 2, 3, ... . 

Consider a basis element \E'q, = ^(^.y s), j = (joo, J2, • • • ,jm, 0, 0, . . . ). Let us take the 
index ja = min(0, joo, J2, js, • • • ,jm)- For any wavelet function given by the first formula 
in (O, we have <) = ^i^^^^.^,^ ± rj^\ j, G Z+, and V/^^ C vi^\ p = 2, 3, . . . . In 
view of fl3.ip . (13. 2p we have i/jq^ = ip^ ± \/.^°°^ for j < joo. Consequently, the basis 
element ^a = ^ (k-l a) -'- ^5 ^ ^ ^a, i-e., f? J- ^Pq. In such a way we prove that g ^^'^a 
for all indices a G A. The fact that the system {^^ : a G A} is an orthonormal basis in 
L'^{A,dx) contradicts the assumption \\g\\ 7^ 0. D 

The collection of the spaces Vj, j G Z^, satisfying conditions (a)-(e) of Theorem 16.21 
will be called the adelic separable MRA in the space L^(A). The function fl6.14p is a 
refinable function of this MRA. 

Next, following the standard finite-dimensional scheme (see [TSl Ch. 10.1], [53, §2.1]), 
we define the wavelet space Wj as the orthogonal complement of Vj in V^+i: 

(6.18) Wj = Vj+,eVj, JGZ+. 

It follows from properties (a) and (6) of Theorem 16.21 that (cf. fl3.2j) and fl3.1ip ) 

L\A) = Vo(B^W,. 

Let us present some evident formulas in ^^^iH^. Namely, we have 

(6.19) (an © 012) ® ■ ■ ■ ® (ctni © an2) = ^ aih©---©«m„, 

(ii,...,i„)G{l,2}" 

and similarly, 

(6.20) (©r=iaifc) © • • ■ © (©r=i«nfc) = ai,n©---©a„,i„, 

(Jl,...,i„)G{l,...,m}" 

Since according to ([31]), ([S^D, (13:91) - fl3TT|) . we have 1//+J = VJ"^ © WJ''\ setting 

Z['^] = VJ"^ and Zi"^] = Wf\ using dSHD, flOUj) . and taking into account flgTTD . we 
obtain 

^..1 = (g) ^/:i = (g) (^/^^ ® w^^^^) 

PG^Q (ioo,i2,...,ip)e{l,2}tt(P)+i\{l,l,...,l} 
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where we set tl(p) = tl{2, 3, . . . ,p} {^{A) is the number of elements of the set A), and 
(6.21) WP\ = Wl^ ,._ ,. . . = Z^°^l ® Zi 



«pj 



{ioo,i2,---,ip),j 



(2) 



7(P) 



-) 



^p = («oo, «2, • • • , «p) e {1, 2}«(p)+i \ {1, 1, . . . , 1}. Thus the space Wj given by (KTE^ is a 
direct sum of infinite number of subspaces (16.211) . 
Thus we have 



(6.22) L2(A) = K,©0W^,= 0(0 







WJ^ 



*pj 



jez+ iGZ+ peVQ7pgm2}tt(p)+i\{i,i,...,i} 

It is clear that an orthonormal basis for the space 

^0=0 <,.,.....),o 

where 

is formed by the shifts (with respect to a G /a) of the functions 

(6-23) %^ := *S,(,^,„..,,^) = ^£^ ® ^1? ® ■ ■ ■ ® <^ ® '/'^""^ ® ■ ■ ■ ' 

where all factors in this product starting from a certain prime p constitute a stabilization 

(0M).>,; ^S~) = V'^, 4°°) = 0^ (see (E3D, dSaD); ^^ = i^l^J , K e ¥- , 



sequence 



4^) = 0M, (see (1322]), ([I25D or ([323]), (1321), i^ = 2, 3, . . . ,p; p = 2, 3, . . . ; z 



, «2, 



, "py 



e{l,2}tt(^)+i\{l,l,...,l}. 



, "p 



According to (16.221) . an orthonormal Haar wavelet basis in L^(A) is formed by all 
shifts a G /a of the refinable function (I6.14p 

<l>^°^\x^)<P^'\x2) ■ ■ •0(^-)(xpj0(^)(xp)0(P+)(a;pJ ■ ■ • , 
and all shifts a G /a and dilations j G Z+ of wavelet functions (I6.23P : 






(6.24) 






(xoo)^I?(a:2) ■ ■ ■ <-^(a;p.)<Hx,)0(^+)(x,J 
(x^)V^iJ(x2) ■ ■ ■<:^(a:p_)0(^)(:^p)0t/^(:^: 



■>-?+ 



(^00)^^x2) ■ ■ ■<:^(a:p_)<^(x,)^i^;'°)(x,,) 
(xoo)0('Ha;2) ■ ■ ■0(^-Hxpj0(^)(xp)0(P+)(a;pJ • 



{Xoo)<P^'\x2) ■ ■■<P'''-\X,_)^^^\X,)<P'~^^\X,,: 



Xoo) and refinable function 
00; the r-adic Haar wavelet 



where p = 2, 3, ... ; the real Haar wavelet function ip^°°^ 
(jy^'^Kxoo) = fi(a;oo) are given by (EJ]) and (|31]), x^o e i 
functions iIjj!' (xr), K G F^, are given by formulas (I3.15p - p.l7p . the refinable function 
0(^)(x,.) = fi(|a;^|^), Xr G Q,.; r = 2,3,.... 
Thus, this wavelet basis has the form 



(6.25) 

where ip 

2,3, ...,p; j G Z+; a 

p{k) = p. 



Ta^, %!.:,-. := (2 ■ 2 ■ 3 • ■ .py/'{M-m) vE',. , 



k^ip-jj a 



{'^OO') '^2; • • • 5 ^' 



,) G {l,2}«p)+i\{l,l,...,l}, ;fc = (fc2,...,M, ^^^eF^s 

loo, a2, . . . , ap) G Ia, p & Vq. We stress that here p(a) = p{j) 
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Due to Theorem 13.11 and pj , by formula (I6.25P all Haar bases generated by adelic 
Haar MRA are described. 

Corollary 6.1. Let {see flOSD ) 

(6.26) $^,^(x') := %,(,,...,„) = 4f ® ■ • • ® ^t^ ® 0("-) ® ■ • • . 
The vectors {see (16.251) ) 

(6.27) Ta,$, $^^^^^.,,:=(2-3---p)^/2(M-jTa)vl/^,^, 

form the orthonormal basis in the space L'^{A), where i' = {12, . . . ,ip) G [I ^ 2}'^^~^^'^^ \ 
{!,...,!}, k = {k2,...,kp), ks e¥^, s = 2,3, ..^,m; j G Z+; a' = (02,..., a^) G /a, 
p G Vq \ 00. We stress that here p{a') = p{j) = p{k') = p. 

7. LiZORKIN SPACES ON ADELES 

7.1. Real and j9-adic Lizorkin spaces. Recall some facts from |13]- [15], [511 2.], [551 
§25.1]. Consider the following space 

M/(M) = {^(0 G S{R) : ^(^■^(0) = 0, J = 0, 1, 2, . . . }, . 

where S{W) is the real Schwartz space of tempered test functions. The space of functions 

$(M) = {(j):(f) = Flijj], i) G ^(M)}. 

is called the real Lizorkin space of test functions. The Lizorkin space can be equipped 
with the topology of the space 5(M), which makes $ a complete space [SH 2.2.], [55l 
§25.1.]. Since the Fourier transform is a linear isomorphism S{E.) onto 5(M), this space 
admits the following characterization: G $(M) if and only if G S{E.) is orthogonal 
to polynomials, i.e., 

(7.1) I x'^(j){x) dx = 0, n = 0,1,2,.... 



The space $'(R) is called the real Lizorkin space of distributions . 

According to [1], [3l Ch. 7] the p-adic Lizorkin space of test functions is defined as 
^(Qp) = {<p:<p = F[V^], V G ^(Qp)}, where ^(Qp) = {V'(0 G ^(Qp) : V'(O) = 0}. The 
space $(Qp) equipped with the topology of the space T>{Qp) is a complete space. 

Lemma 7.1. ( [4]) We have (a) G $(Qp) «if G V{Qp) and 
(7.2) / 0(x)cix = O; 

Jqp 

(b) G P^(Qp) n $(Qp) z# ^ = F-i[0] e ^:f (Qp) n ^(Qp). 

The topological dual of the space $(Qp) is the space of p-adic Lizorkin distributions 
$'(Qp). The space $'(Qp) can be obtained from V^Qp) by "sifting out" constants 
(see [H). 



0, 5 = 0,1,2, 
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7.2. Adelic Lizorkin spaces. Consider the subspace \I/(A) of the space of test func- 
tions S{A) (see Subsec. 12.31) consisting of finite hnear combinations of elementary func- 
tions (12.141) ri{^) = Ylpev Vpi^p) (where Vq is defined by (12. 2p ) with properties (i) — (in) 
of Definition 12.31 where i]p{^p) = Q{\^p\p) for all p > P) and such that 

for all r G {cxd, 2, 3, ... , P}, where P = P{r]) is the parameter of finiteness of an elemen- 
tary function t]. 

Let \1/(A) be the space of test functions 5 (A) connected with the non- Archimedean 
part of adeles A (see Subsec. 12. 3p consisting of finite linear combinations of elemen- 
tary functions ri{^') = Ylpev \ooVp{^p) with properties (i) — (iii) of Definition 12.31 (here 
Vpi^p) = ^(I^pIp) for s-ll p > P) and such that 

{iv*) ?7(6,6,---,^r_,^r,^r+,---,^P,^P+,---)|^^=0 = ^' '^ ^ {2, 3, . . . , P}, 

where P = P{ri) is the parameter of finiteness of an elementary function rj. 
Definition 7.1. The spaces 

^A) = {C:( = F[r]],r]e^{A)} and ^A) = {(:( = F[r]], r] E ^ (A)} 
are called the adelic Lizorkin spaces of test functions. 

$(A) can be equipped with the topology of the space iS(A) (see (I2.15P ). Since the 
Fourier transform is a linear isomorphism S{A) onto S{A) (see [211 Ch. III,§2.2]), we 
have <I>(A) C 5(A). 

The Lizorkin spaces $(A) and $(A) admit the following characterizations. 

Lemma 7.2. (1) Any elementary function 

C(x) = Coo(a;oo) n ^P^^p) ^ "^(^^ 

pGV(j\oo 

(/iere Cp(2^p) = ^(I^Ip) /^^ ^^^ p > P) if and only if ( E 5(A) anc? 

where if r = oo, t/ien s = 0, 1, 2, . . . , anc? if r = 2,3, ... ,P, then s = 0. 
(2) ^ny elementary function 

a^')= n a^p)e<^(A) 

PGVq\oo 

z/ and only if C ^ S{A) and 

(7.4) / ({x2,Xs,...,Xr_,Xr,Xr+,...,Xp,Xp^,...)dXr = 0, T = 2,3,...,P. 

Jq,. 

Remark 7.1. In view of condition [Hi), similarly to (I2.15p . the spaces $(A) and $(A) 
admit a representation in the form 

(7.5) <I>(A) = lim ind<l'[™](A), <I>(A) = lim ind$[™](A), 

mGVo\oo mgVnVoo 
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where $["^](A) C $(A) and $[™](A) C $(A) are subspaces of the corresponding test 
functions with the parameter of finiteness m, m & Vq. The representation (17.51) equip 
the spaces $(A) and $(A) with the inductive limit topology. 

The spaces $'(A) and $'(A) are called the adelic Lizorkin spaces of distributions. 
We define the Fourier transform of distributions / G $'(A) and g G \E''(A) by the 
relations 

{F[f],v) = {f,F[v]), Vr/GM/(A), 

{F[g]X) = {g,F[C]), VCg$(A). 

By definition, F[<I>(A)] = ^(A), F[^(A)] = $(A), i.e., dH]) give well defined objects. 
Moreover, we have F[<I>'(A)] = ^'(A), F[^'(A)] = <I>'(A). 

7.3. Adelic Lizorkin spaces and wavelets. It is well known that p-adic Haar wavelet 
functions (13.201) from L^(Qp) satisfy the condition (see [3], Ch. 8]) 

(7.7) / iJk;ja{x) dx = 0, A; G F;, J G Z, a G Jp, 

where tpk;ja{x) = p'^'^4'kip~-'x — a) and wavelet functions ipk, fc G F^ , are given by 
Theorem 13.11 

In view of the formula (see [31 Ch. 8] or [39] ) 

p-adic Haar wavelet functions (13.241) from L^(Zp) satisfy the following condition: 

(7-8) / i^^kU^)dx = (n(|x|p),^fc;,,(x)) =0, ke F;, j G Z+, a G /^, 

JZp 

where H is defined in Proposition 13.11 It is easy to see that for the p-adic Haar wavelet 
functions (13.251) from L^(Zp) we also have 

(7.9) f ^k;jai^) dx = 0, fc G F; , J G Z+, a G I^^\ 

Jip 

where Ip is described in Remark 13. 1[ 

Thus, taking into account relations (I7.7p - (I7.9I) . L 0(x) dx = 1, and Lemma U^ we 
conclude that the adelic wavelet functions (15. 5p and (16.251) belong to the Lizorkin space 
$(A) only if products (15. 6p and (I6.27P do not contain the functions (f)^^\xp — a^) as 
factors for p < m. 

8. Characterization of the adelic Lizorkin spaces in terms of wavelets 

To construct adelic wavelet bases in L^ (A) , we used the real Haar basis (13.50 in L^ (M) , 
for which we have ^^i^fnif) dt = 0. Since J^t""ipjl^(t) dt = does not hold for n G N, it 
is clear that ip^^ ^ $(R). Therefore, in contrast to the p-adic case (see [3, 8.14]), the 
characterization of the adelic Lizorkin spaces in terms of wavelets is possible only for 
the space $(A). 

For simplicity here and in what follows we will suppose that the adelic wavelets (15. 6p 
are constructed by using the one- dimensional wavelet basis (I3.23p and its restriction 
(Km to Zp. 
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Lemma 8.1. Any test function C G $(A) can be represented in the form of a finite sum 
(8.1) C(a;') = $^c«$„(x'), x' = {x2,X3,...)eA, 

where A is the set of indices fl4.33p .' Ca are constants; \1/q,(x') are wavelet functions (15. 6 p 
^" = %;?S)= i^L1^0^^'\ «GA, 

2<q<m m<q 






which do not contain the factors ipaq{xq) = (f)^''\xq — aq), ap G Ip, {see (15. 2p . (15. 3p ) /or 



Proof. By definition of the space $(A) (see Subsec. 17. 2p . it is sufficient to prove this 
lemma for the case of an elementary function ({x') = Ylp^v \ooCp(-^p)^ where Cpi^p) = 
4'''^\xp) = Q{\xp\p) for all p > P, and P = -P(C) is the parameter of finiteness of an 
elementary function (. It is clear that ( G L^(A). Then (18. ip holds. We will prove that 
only the finite number of c^ 7^ 0. 

According to Subsec. I7.3[ \l/a(x') G $(A) only if the product (15. 6 p does not contain 
functions (p^^^ (xp — ap) as factors for p <m. Now we need to calculate the coefficients 

(8.2) c„ = C(^.s) = (C(x'),$«(x'))= n (C,K)'<n^.)), 

PGVq\oo 

where one-dimensional wavelet functions il}aq = Wk-j a {^q)i ^q — {^qijqi'^q) ^ ^^p = 
(Fg,Z+,Jg), are given by (I3.23p . (I3.24p . (15. 2p . (15. 3p . and among them there are no 
wavelet functions (p^'^^Xq — aq). 

1. Suppose that m > P. Then we have 

C. = rk-3 a) = (C(^'), ^a{x')) = n (C.K). <n^.)) X 

2<q<P 

P<q<m m<q 

According to (jTZD and (USD, (OD, we have 

ipa {xq) dxq = 0, for P < q < m, 

i.e., Ca = 0. 

2. Let m < P. Consider the part of product (18. 2p 

n iCqiXq), <j>^'^\xq)) = J^ (Cj K) , 0^^^^^.)) , 
m<q<P m<q<P 

where (qi^q) '■= Cq{^q)\^ £ ^C^q) ^nd $(Zg) is the Lizorkin space of test functions with 
support in Zg (see Sec. 17. ip . Using the Parseval-Steklov theorem, we obtain 

n {Cqi^q)^<P^'\^q))= U (^ [Cj] (C.) , i^ [0^^^^.)] fe)) • 
m<q<P m<q<P 

It is clear that (qi^q) ^ ^C^q) belongs to one of the spaces V^ (^g), Iq ^ Nq < 0, and sat- 



-Na 



q)i 



isfies condition ^^. Then in view of (EZD and LemmaEH F[Q G ^(Qg) nr'_;^^(Z, 
and supp F[0 C fi_,,\fi_jv„ < -A^^ < -Z^. At the same time, F[<P^'^\Q = (i!^'^\Q. 
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Thus supp -F[Cn] n supp 



and, consequently, (F[C°](e,), F[(j)('^\x,)]{Q) = 0, 



ra < q < P. That is in this case c^ = 0. 

3. Let m = P. In this case, using the Parseval-Steklov theorem, one can rewrite the 
product fl8.2p in the form 



c 



(C(x'),vl/,(x')) 



(k;j a) 

= n (c.K),<(^.))= n (^yfe),i^[<]fe)). 

2<q<m 2<q<m 

Let C,q G $(Qg) for 2 < q < p. According to Definition 17. ![ Lemma f7.lt and relation 

h) and satisfies 



(12 .7^ . any function Cgl^^g) ^ "^(Qg) belongs to one of the spaces V^ 
condition (Q, i.e., F[Cg] G '^{Qq)nVZi 
For the wavelet function (15.21). 



Na 



tq)i 



and supp F[Q C B^i^\B^Ng, 2 < q < p. 



<KXq) = ^/^I.AX,) 



q] 3q^q 



(8.3) 

we have 
(8.4) 



q^'^^Xq^—iq ^'Xq-aS)^{\q ^'Xg-aglg), x 



^[<!,,aJ(^.) = r^'/'x,(g^'^Se.)^ 



g 



+ g^'^e, 



gey,. 



Jg e ^H 



Taking into account that supp -F[Cg] C B_i^ \ -B-at, and using formula (18. 4p . one can 
conclude that 



^.5) 



{F[Q{Q.F[i^^}m))^^. 



only if g 9 < \^q\q < g '« and — + q^''S,q = r]q E Tjg for any 2 < q < p. Since 
^g = q~^''{r]q -) and |,^g|g = q^''\r]q ^.j = q^i+^^ one can see that the product (18. 5p 



is nonzero only for finite number of indices jq such that 



q'""" <\Qq = q''^'<q~''', 2<q<p. 

(q)i 



Now we consider the scalar product {F[C,,^{^q) , F[^aq]{iq)) , where C,q G $(Zg) and 



<H^,) = <!,,., (^.) = q'^'^Xqi^iq-'^Xq - aq))n{\q~^''X, 



"qlq 



) , XqEZ, 



<?' 



is a wavelet function given by (15. 3p . p < q < m. Using the identity [HU VII. 1], [39] 
(8.6) ^{\p^Xp - ap|p)r2(|p'"xp - Oplp) = Cl{\p^Xp - ap|p)fi(|p^'~%p - a^lp), j < j', 
by explicit calculation we obtain 



(8.7) F[^i% ]i^q) = q-=^/'ni\q^''aq\q)xq{q^^aqQn 



q 



+ qH, 



Jq e ^H 



Next, using (18. 7p and repeating the above calculation almost word for word, we find 
that 

(8.8) {F[Cq]iQ,F[^P^fXMq))^0, 

only for finite number of indices jq, p < q < m. 

Thus Cq = c.^.^2) 7^ fo^ finite number of indices jq, 2 < q < m. Moreover, for all 

wavelet functions \l/a(a;'), in the product (18. 2p we have m = P. 
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Now we consider the product (18.21) again 

2<q<m 

where according to the above calculation, m = P. Now let calculate the expression 
(^(q{xg), waq{xqj). Here the function Cqi^q) ^ *^(Qg) belongs to one of the spaces 
T^N (Qg) ^^cl il)aq{xq) is givcu by (18.31) . Using identity (18. 6p we have 

^{\q ''Xq~aq\q)n[\q ^Xq\q) = l 

yVl[\q'^^Xq\q)VL[\aq\q), -Jq>Nq. 

This relation implies that (Cqi^q)^ ^aq{xq)) 7^ at least for q^^^'^aq G Z^ {—jq < Nq) or 
Og = {—jq > Nq). Since the set of indices jq is finite, the set of the above indices a^ is 
also finite. Thus products (18. 5p . (18. 8p are nonzero only for finite number of a^ G Iq. D 

Corollary 8.1. Any test function ( G $(A) can be represented in the form of a finite 
sum 

(8.9) C{x) = Y^ Ca{x^)^o.{x'), X = (xoo, x') G A, 

where A is the set of indices (14.330 .• Cq,(xoo) G $(]R) are some Lizorkin test functions; 
"^aix') = "^ ,^r ^\{x') are wavelet functions (15. 6p which do not contain factors ipaqixq) = 
0(«)(xg - aq), ap G Ip, {see ([52]), dED) for q < m. 

Using standard results from the book [56j , we obtain the following assertion. 

Proposition 8.1. Any distribution f G $'(A) can be realized in the form of an infinite 

sum: 

(8.10) f{x) = Y^ b4Xoo)^a{x'), X = (Xoo, x') G A, 

qGA 

where &a(xoo) € $'(M) are some real Lizorkin distributions; \E'a(a^') are wavelet functions 

(ESD. 

Here any distribution / G $'(A) is associated with representation (I8.10p . where the 
coefficients 

(8.11) b^{x^)=^{f{x^,x'),^^{x')), a el. 

And vice versa, taking into account Corollary 18.11 and the orthonormality of the wavelet 
basis (15. 6p . any infinite sum (I8.10p is associated with the distribution / G $'(A), whose 
action on a test function C{x) G $(A) is defined as 

(/,C> = (5Z^/3(^°°)^/3(^')' Yc^i.^o.)^c.i.< 

/3eA aeA 

(8.12) = ^(&a(a;oo),Ca(a;oo)), 
where the latter sum is finite. 
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Proposition 8.2. Any distribution f G $'(A) can be realized as an infinite sum of the 
form 

(8.13) 7(x') = J]J]6A(x'), x'eA, 

where ha are constants; '^a{x') are wavelet functions (15. 6p . 

It is clear that in Lemma 18.11 Corollary 18.11 and Propositions 18.11 18.21 one can use 
wavelet functions f l6.27p instead of wavelet functions (15. 6p . 

9. Pseudo-differential operators on adeles 

9.1. Real and j9-adic fractional operators. Let us introduce a distribution from 

iS'(M) (we keep the notation | ■ | = | ■ loo-) 

(9.1) 4°°)(a;) = ^— , a 7^ -2s, a^ l + 2s, s = 0,1,2,..., a; G M, 

7i(«) 

called the Riesz kernel, where |a:|" is a homogeneous distribution of degree a defined 
in [Ml Lemma 2.9.], [55, (25.19)], [231 Ch.l,§3.9.], and 71(a) = ^"!!^f\ The Riesz 

J- V 2 ' 

kernel is an entire function of the complex variable a. 

One can define the Riesz kernel (19. ip in the real Lizorkin space of distributions $'(M) 
(see US], [52 Lemma 2.13.], [551 Lemma 25.2.]): 



(9.2) 4-)(x) 



Ip/l^^N U|a-1 



X\ 



2"v^r(f) ~ 2r(a)cos(^)' 



a 7^ —2s, a 7^ 1 + 2s, 



' 7r(2s)! ' a i + Zs, 



{-iy6^^'\x), a = -2s, SGZ+. 

According to ^ Ch.Il,§3.3.,(2)], [52 Lemma 2.13.], [551 Lemma 25.2.], 

(9.3) F[k^^\xM) = kP", xeR. 

Define the real Riesz fractional operator D^ on the Lizorkin space $(]R) as a convo- 
lution 

(9.4) (D- y,) (x) = {k^Z^ * ^) (x) = {KiZ\-), ^(x--)), y. G $(M), 
where Ka is given by (I9.2p . It is clear that [55, (25.2)] 

(9.5) (D^(^)(x) = F-^[|erF[y,](0](x), ^eHR). 

Lemma 9.1. The Lizorkin spaces of test functions $(]R) and distributions $'(]R) are 
invariant under the Riesz fractional operator (19. 5p and D^($'(M)) = $'(M). 

The p-adic fractional operator D^ was introduced on the space of distributions V^Qp) 
in [58|, [59} III. 4.]. In [1], the fractional operator D^ was defined in the Lizorkin space 
of distributions ^'(Qp) for all a G C by the following relations: 

(9.6) {D^f){x)=F-'[\.\;F[f]{.)]{x), /G$'(Q,), a G C. 
Representation (19. 6p can be rewritten as a convolution 

(9.7) {D^f)ix) = {K^ll*f)ix) = {K^:^l{-)Jix--)), /G$'(Q,), «eC, 
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where (see [1]) 



\x\ 



a-1 
P 



a ^0, 1, 



(9.8) >^^S\x)= { S{x), a = 0, xe 



,-1 



is the Riesz kernel and 



\f-log|a;|p, a = l, 



'i^f f I la-i / A J 1-p" ^ 



rp(tt) = / \x\p Xpix) dx = - 
JQp ^ 



P~ 



is the p-adic T- function (see pi III,Theorem (4.2)], [Ml VIII, (4.4)]). 

Lemma 9.2. ([4J) T/ie Lizorkin spaces of test functions $(Qp) and distributions ^'{Qp) 
are invariant under the fractional operator (19. 6 p and Dp($'(Qp)) = $'(Qp). 

9.2. Adelic fractional operators on the Lizorkin spaces. Let us introduce on the 

space $(A) the adelic fractional operator D'^ of order 7 = (700, 72, . . . , 7p, . . . ) G C°°, 
which is defined by its projection on any subspace of test functions $t™l(A) C $(A) (for 
details, see Remark [4. ip : 



pe{oo,2,3,...,m} p>m 

where D^^ and Dl"" are defined by ([131), (IS3D and dHS]), dHZj), respectively, I dp is 
the identity operator in $(Qp). Here the fractional operator Dl. is an infinite tensor 
product of one- dimensional operators. 
If 

C(^) = Coo(Xoo) n UXp)e^^'^\K) 

P&Vq\co 

is an elementary function, i.e., C,p{xp) = 'P^^K^p) = ^il^plp) ^01 all p > m(Q, then taking 
into account Definition (19. 9p and (19.50 . (19.60 . we obtain 

(9.10) (^^L[™,(A)C)(x) = (DUOix) = F-^O . \UF[C]{-)]{x), 

where 

(9-11) i^ii)= n i^pi? n '^^"Hu, e=(eoo,6,---ep,...)eA, 

pg{oo,2,3,...,m} p>m 

is a symbol of the operator -07- m G Vq. 

It is clear that \C,\Jm) ^^^ ^^^ 7 ~ (7oo, 72, • • • , 7p, • • • ) G C°° such that for all p > m, 
7p = is a multiplier in the space of test functions \l/['"l(Qp), m G Vq. 
According to ([93D, dSZ]), (l230D . relation (l9TT0|) can be rewritten as 

(9.12) (Dj„)C)(a:) = («:-^;M*C)(a:) = («:-^;M(-),C(a;--)>, C e $(A), 
where 

pe{oo,2,3,...,m} p>m 

is the adelic Riesz kernel, and k^"^ and k^^J are given by (19. 2|) and (19. 8p . respectively. 
For / G $'(A) we define the distribution V^f by the relation 

(9.13) (DV,C)'= (/,^J„)C), VCG<I>H(A), mG Vq\oo. 
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It is easy to see that Lemmas 19.11 19.21 imply the following statements. 

Lemma 9.3. The Lizorkin spaces of test functions $(A) and distributions <I>'(A) are 
invariant under the fractional operator D7-. and D7J^'{A)) = $'(A). 

Proposition 9.1. The family of operators {D'^ : 7 G C°°} on the space of distributions 
$'(A) forms an abelian group: if f & $'(A) then 

D^D^f = D^D^f = D^+^f, 
D^D-y = /, 7, ^eC-. 

For the case 7 = (700, 72, . . . , 7p, • • • ) ^ C°° such that 7oo = 72 = • • • = 7p = ■ ■ ■ = 
7 G C we shall write D'^ instead of V^. Similarly to (19. 9p . the adelic fractional operator 
D^ of order 7 G C°° is defined by its projection on any subspace $['^](A) C $(A) (see 
(USD): 

(9-14) D^Lr.u./=DL)= (X) D;^6^Id„ meVQ, 



(9.15) 


[D^ 


where 




(9.16) 


^ (m) = 



i<j)M(A) (m) yy P 

pe{oo,2,3,...,m} p>m 

where D^^ and D'^ are defined by (19.41) . (19. 5p and (19.61) . (19. 7p . respectively, Idp is the 
identity operator in <l>(Qp). If 

C(a:) = Coo(xoo) n CpMg$H(A) 
peVQ\oo 

is an elementary function, i.e., (pi^p) = 0*'^H^p) = ^(kp|p) for all p > m((), then taking 
into account Definition (I9.14p and (19. 5p . (19. 6p . we obtain 

,C)ix) = {Dj.C)ix)=F-'[\.\J.F[C]{-)]{x), 



pe{oo,2,3,...,m} p>m 

is the symbol of the operator Dl-., m G Vq. 

9.3. One class of adelic pseudo-differential operators. On the adelic Lizorkin 
space of distributions $'(A) we introduce a pseudo-differential operators A with the 
symbol 

AO = n MQ^ ^ e A, 

PGVq 

where ^00(^00) e C^{R\ {0}) and \-^Aoo{U)\ < MslUl'^""' {ms > 0) in a neighbor- 
hood of U = 0; ApiQ G £{Qp \ {0}), p = 2,3,.... 

The adelic pseudo-differential operator A is defined by its projection on any subspace 
of test functions $H(A) c ^(A) (see (I73|) ): 

(9.17) ^|$M(A) ''- Am) = F-' Am) F, m G Vq, 

where 

(9.18) A-)(o= ^00(^00) n A(ep)n<^^'^fe)' ^^^' 

pe{2,3,...,m} p>m 
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is the symbol of the pseudo-differential operator A(^rn) ■ If 

C(a;) = Coo(xoo) n Cp(a;p)G<l>H(A) 

pgVQ\00 

is an elementary function, i.e., Cp{xp) = 0*-^^(^p) = r2(|xp|p) for all p > m{Q, then taking 
into account Definition (19.171) . flQ.lSp . we obtain 

(9.19) A\^^^,^^^C = A^^)C={F-'A^m)F)C, 

where the symbol A(m) is defined by flQ.lSp . For any test function ( = J2l:=iC^ ^ 
$["^1(A), where C^ are elementary functions, the operator A is defined by the relation 

r 

{A\ oix) = (A„)C)(x) = Y,iAm)n{x). 



k=l 



Now we define a conjugate pseudo-differential operator A^ on $(A). For any function 

(e $H(A): 



\T\ /■\t \'^'^f 



Then the operator A in the Lizorkin space of distributions $'(A) is defined in the usual 
way: for / G $'(A) we have 

(9.20) (A/,C) = (/,Af„)C), VCg$H(A), meV^Xoo. 
It follows from the latter relation and (12. 8p that 

(9.21) Af={F-^AF)f, /€$'( 



Lemma 9.4. The Lizorkin spaces $(A) and $'(A) are invariant under the operator 

Proof. It is sufficient to prove this lemma for elementary functions. Let C, E $[™1(A) be 
an elementary function. Since the function A(m) (0 defined by (19.181) is a multiplier in the 
space ^['"^(Qp), m G Vq, both functions F[Q{^) and ^(m)(0^[C](0 belong to ^H(A) 
and, consequently, A( G $[™1(A), m G Vq. Thus the pseudo-differential operator A (see 
(19.171) . (19.191) ) is well defined and the Lizorkin space <I>(A) is invariant under its action. 
Therefore, if / G $'(A), then according to (IQUj) . (IglJTD . A/ = {F-^AF)f G ^'(A), 
i.e., the Lizorkin space of distributions $'(A) is invariant under A. D 

The fractional operators (I9.10p and (I9.15P are particular cases of operator (19.191) . 
Similarly to the above constructions, we introduce the corresponding operators on the 
Lizorkin spaces $(A) and $'(A) : the pseudo-differential operator 

(9.22) AoC=(F-Mo)F)C, Ce$(A), 
with the symbol 

(9.23) A(n= n ^P^^^)' e' = (e2,...ep,...)eA; 

P&Vq\co 

the fractional operator 

(9.24) {DlC){x') = F-'[\.\lF[a-)\{x% C € «I>(A), 



40 A. YU. KHRENNIKOV, A. V. KOSYAK, AND V. M. SHELKOVICH 

with the symbol 

(9.25) ie'e= n i^pI?' r=(6,...ep,...)eA; 



peVQ\c 



and the fractional operator 

(9.26) {D'oC)i^') = F-'[\-mC]{-)]{x'), (em), 

with the symbol 

(9.27) w\i= n i^^i."' e' = (6,...ep,...)eA. 

P€Vq\oo 

9.4. On the eigenfunctions of adelic pseudo-differential operators. 
Theorem 9.1. Let Aq be a pseudo- differential operator (I9.22p with symbol (I9.23p . and 



^«(^') = %Ja)(^')= (g) <K)^ 

2<q<m m<q 



be wavelet functions (15. 6 p which do not contain factors ipaq {x. 



y''^\xq), a G A, x' G A, 



(g)/ 



q \-^qJ 



(see (15. 2p . (15. 3p ) /or g < m; A zs i/ie indexes set (I4.33p . T/ien \E'q, zs an eigenfunction 
of the operator Aq if and only if 

(9.28) n A,{q-^''{-q-% + r^,))= J] A( - ?"''''^.)> J. e Z+, 

ge{2,3,...,m} (jre{2,3,...,m} 

/ioWs /or all rjq G Zg, g = 2,3, . . . ,rri. The corresponding eigenvalue is the following 
^ = Uqe{2,3,...,m}M-l''''K)' ^-e-, 

= ( n Ag{-q^'''^kg))^a{x'), aeA, x' eA. 

qe{2,3,...,m} 

Proof. In view of (19.230 and (I2.10p . we have 

2 
(?) 



X 



Q/1 



p<q<-m 



2<g<p 

.,(9) 
kg-JgagK-^gJ 'd" M\q 

(15. 3p ). and Xq G Qg, 2 < q < p; Xg & Zq, p < q < m. 

If condition (I9.28P holds, then using formulas (18.40 . (18. 7p . we obtain 



q>m 



where <^(xg) = ^kg.jgagi^q) = q''^\q{^iq-"'Xq - aq)p{\q-^''Xq - aq\q) (see (IE2D, 



= n <l'''^'F''\Aq{QXq{q'^aqQn 



2<q<p 



q 



X 



p<q<m 



[Xq)X 



n q-"'^'F-'[AqiQni\q^''aq\q)xq{q'^aqQn{\^ + q^^^q\J]ixq)x 

xl[<p('>\Xq) 



q>m 
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Making the change of variables C,q = q ■'''{% — q ^kg) and using formulas (\2.8\j . (I2.10p . 
we have ioi 2 < q < p 



q-^^/'F-'\A,{Qx,{q''agQ^ 



+ q'^L 



q/ J 



[Xn 



In the same way, we obtain for p < q < m 

q-^J^F-'[Aq{Qni\q^^a,\q)xq{q'^aqQn 

= A,{-q^^-'k,)Q{\q^^a,\,)^^^^{x,) 



^ + q'% 

q 



A,{- q^^-'k,)n{\q^^a,U)q^^/\,U{q 



-Jq 



q 



Xq Qjq 



))^(k-" 



Xq ^q\q 



)• 



The latter expression is nonzero only if g-^'a^ G Z^ and la;^ — q-'''aq\q < q ■'''. This implies 

Kn 



that Xq E Tiq. Thus 



q 



' + q'^U 



K) 



q-^^'^F-'[Aq{Qn{W^aq\q)xq{q''aqQn[ 

= Aq{-q^''-'kq)^i^;;{Xq), Xq^Zq. 

Consequently, Ao^a^x') = Ao(m)^a(a;') = A\I/q,(x'), where 

^= n A{-(i''~'kq), x'eA. 



gg{2,3,...,m} 

^.\l/a(x') = AQ(^rn}'^ a{x') = A\E'q,(x'), then taking the Fourier trans- 
form of both left- and right-hand sides of this identity and using formulas f l8.4p . fl8.7p . 
we obtain 



Conversely, if Ao\^^^^-^,^a{X ) = ^o(^rn}^a\^ J - ^y^a\-^ J, 



K(n-A) n ^ 

2<q<m 



Kn 



+ q'% 



0, ^'e 



If now — + q^''^q = rjq, r]q G Zq, then C,g = (rjq -)q '■''' for 2 < g < m. Thus, 



In particular, A = ^o(m)(2 ^'^ ^k2, . . . ,m ■'™ ^km) and consequently fl9.28p holds. D 
According to ( I9.24p . f l9.25p . the adelic fractional operator DZ. has the symbol 



/|7 



l0(m) 



n 



qe{2,3,...,m 



}\u\p'Uq>m<p^'\Q, ^' = (6,...e„ 



AM(e') = le 

is easy to see that the symbol ^o(m)(^') = l^'lo(m) satisfies condition f l9.28p : 



It 



7q 

Q 



qe{2,3,...,m} gG{2,3,...,m} 

= n 9'"] -q-\ +%]]''= n ^^'^''^'^ 

ge{2,3,...,m} 5e{2,3,...,m} 

= n Aqi-q-^'-^kq), Vr/gGZq, 2<g<m. 

ge{2,3,...,m} 
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Thus according to Theorem 19.11 we have 
Corollary 9.1. The wavelet function (15.61) 
$„(x') = $(^js)(x')= (g) V'i?K)®(8)0^'H^a), a;'GA, aeA= [j Am- 

2<q<m m<q mgVQ\oo 

which does not contain the factors ipaq{xq) = (j)^''\xq — a^), ap G Ip for q < m, is an 
eigenfunction of the adelic fractional operator Dq: 

(9.29) D^|^,„,(~^^„(^')=^Jh^-(^')=( n Q''^''^'^)^o.{x'), x'eA. 

gG{2,3,...,m} 

Corollary 9.2. The wavelet function (15.61) 
$„(x') = %ja)(x')= (g) <H^g)®(8)0^'n^<?), a;'GA, «gA= |J A„. 

2<q<m m<q mgVJjXoo 

which does not contain the factors %jjQ^{Xq) = (f)^^\xq — Ug), ap G Ip, for q < m, is an 
eigenfunction of the adelic fractional operator D^: 

(9.30) Do'Lm(a)^"(^') = ^oV)^"(^')=( n ?''^')'^.(^'), ^'eA. 

qe{2,3,...,m} 
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